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Localized Hardy Spaces Related to Admissible Functions 
on RD-Spaces and Applications to Schrodinger Operators 
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Abstract. Let X be an RD-space, which means that X is a. space of homogenous 
type in the sense of Coifman and Weiss with the additional property that a reverse 
doubhng property holds in X. In this paper, the authors first introduce the notion 
of admissible functions p and then develop a theory of localized Hardy spaces HUX) 
associated with p, which includes several maximal function characterizations of Hp(X), 
the relations between Hp{X) and the classical Hardy space H^{X) via constructing a 
kernel function related to p, the atomic decomposition characterization of Hp{X), and 
the boundedness of certain localized singular integrals on Hp{X) via a finite atomic 
decomposition characterization of some dense subspace of Hp{X). This theory has a wide 
range of applications. Even when this theory is applied, respectively, to the Schrodinger 
operator or the degenerate Schrodinger operator on R", or the sub-Laplace Schrodinger 
operator on Heisenberg groups or connected and simply connected nilpotent Lie groups, 
some new results are also obtained. The Schrodinger operators considered here are 
associated with nonnegative potentials satisfying the reverse Holder inequality. 



1 Introduction 

The theory of Hardy spaces on the Euclidean space M" plays an important role in various 
fields of analysis and partial differential equations; see, for examples, [49, 18, 5, 48, 20]. 
One of the most important applications of Hardy spaces is that they are good substitutes 
of Lebesgue spaces when p £ (0, 1]. For example, when p G (0, 1], it is well-known that 
Riesz transforms are not bounded on L'P(]R"), however, they are bounded on Hardy spaces. 
A localized version of Hardy spaces on M" was first introduced by Goldberg [24]. These 
classical Hardy spaces are essentially related to the Laplace operator A = — 
on M". 

On the other hand, the studies of Schrodinger operators with nonnegative potentials 
satisfying the reverse Holder inequality obtain an increasing interest; see, for example, 
[17, 58, 47, 33, 10, 11, 30, 31, 12, 14, 15, 9, 16, 34, 2]. In particular, Fefferman [17], Shen 
[47] and Zhong [58] established some basic results, including estimates of the fundamental 
solutions and the boundedness on Lebesgue spaces of Riesz transforms, for the Schrodinger 
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operator C = A + V on R"' with n > 3 and the nonnegative potential V satisfying 
the reverse Holder inequality. Lu [35] extended part of these results to the sub-Laplace 
Schrodinger operator on stratified groups, and Li [33] on connected and simply connected 
nilpotent Lie groups. Kurata and Sugano [30] extended some of these results to the 
degenerate Schrodinger operator on with n > 3. On the other hand, Dziubahski and 
Zienkiewicz [11] first characterized the Hardy space H^iM."') for Schrodinger operators 
via atoms, the maximal function defined by the semigroup generated by C and the Riesz 
transforms Vi2~^/^, which were further generalized by C. Lin, H. Liu and Y. Liu [34] 
to Heisenberg groups. Also, Duong and Yan [9] established the Lusin-area function and 
molecular characterizations of Hardy spaces Hj^{M."') associated to the operator C with 
heat kernel bounds, which includes the Schrodinger operator with nonnegative potential 
as an example. Dziubaiiski [15] further obtained the atomic characterization and the 
maximal function characterization of the semigroup generated by C for Hardy spaces 
H^{W^) associated with the degenerate Schrodinger operator C on via a theory of 
Hardy spaces on spaces of homogeneous type with the additional assumption that the 
measure of any ball is equivalent to its radius in [7, 38, 52]. 

Recently, a theory of Hardy spaces on so-called RD-spaces were established in [26, 
27, 21, 22]. A space X of homogenous type in the sense of Coifman and Weiss is called 
an RD-space if A" has the additional property that a reverse doubling property holds in 
X (see [27]). It is well-known that a connected space of homogeneous type is an RD- 
space. Typical examples of RD-spaces include Euclidean spaces, Euclidean spaces with 
weighted measures satisfying the doubling property, Heisenberg groups. Lie groups of 
polynomial growth ([53, 54]) and the boundary of an unbounded model polynomial domain 
in ([41, 42]), or more generally, Carnot-Caratheodory spaces with doubling measures 
([43, 27]). Throughout this paper, we only consider those RD-spaces with infinity total 
measures. 

Motivated by the properties of nonnegative potentials satisfying the reverse Holder in- 
equality in aforementioned Schrodinger operators, in this paper, we first introduce a class 
of admissible functions p on X. Via establishing some basic properties of p, we develop a 
theory of Hardy spaces Hp{X) associated to admissible functions p, which includes sev- 
eral maximal function characterizations of Hp{X), the relations between Hp(X) and the 
classical Hardy space H^{X) via constructing a kernel function related to p, the atomic de- 
composition characterization of (X) , and the boundedness of certain localized singular 
integrals on Hp{X) via a finite atomic decomposition characterization of some dense sub- 
space of Hp{X). Since these results hold for any admissible function p and any RD-space 
X, they have a wide range of applications. Moreover, even when this theory is applied, 
respectively, to the Schrodinger operator or the degenerate Schrodinger operator on M", 
or the sub-Laplace Schrodinger operator on Heisenberg groups or connected and simply 
connected nilpotent Lie groups, we also obtain some new results. Precisely, this paper is 
organized as follows. 

In Section 2, we first recall some notation and notions from [27]. Then we introduce 
the notions of admissible functions p, localized Hardy spaces Hp{X) defined by the grand 
maximal functions, and atomic Hardy spaces Hp''^{X). Some properties of admissible 
functions are also presented, which are used through the whole paper. We also recall some 
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results on classical Hardy spaces H^{X) from [26, 27, 21, 22]. 

One key step of this paper is to construct a kernel function on X x X associated to 
any given admissible function p in Proposition 3.1 below by subtly exploiting some ideas 
originally from Coifman [8]. A suitable variant of this kernel function actually yields an 
approximation of the identity related to p. This may be very useful in establishing a 
theory of Besov and Triebel-Lizorkin spaces including Hardy spaces HP{X) when p < 1 
but near to 1 and fractional Sobolev spaces; see [26, 27]. Using this kernel function, 
in Section 3 of this paper, we establish the relations between Hp{X) and if^(Af) (see 
Theorem 3.1 below), and as an application, we further obtain an atomic decomposition 
characterization of Hp{X) via (1, q)p-atoms with q e (1, oo] (see Theorem 3.2 (i) below). 
Moreover, for certain dense subspace of Hp{X), we establish its finite atomic decomposition 
characterization via (1, g)p-atoms with q < oo and continuous (1, oo)p-atom (see Theorem 
3.2 (ii) below). As an application of this result, we establish a general boundedness 
criterion for sublinear operators on Hp{X) via atoms (see Proposition 3.2 below), and 
then we obtain the boundedness on Hp{X) of certain localized singular integrals (see 
Proposition 3.3 below), which is useful in establishing the boundedness of Riesz transforms 
related to Schr5dinger operators in Section 5. 

In Section 4, we establish a radial maximal function characterization of Hp{X); see 
Theorem 4.1 below. For the sake of applications, we also characterize Hp{X) via a variant 
of the radial maximal functions, which is closely related to the considered admissible 
function p; see Theorem 4.2 below. We should point out that the method used to obtain 
the radial maximal function characterization of Hp{X) is totally different from the method 
used by Dziubanski and Zienkicwicz in [10, 11, 12, 15] to obtain a similar result on M". 
The method in [10, 11, 12, 15] strongly depends on an existing theory of localized Hardy 
spaces h^, on R" or on spaces of homogeneous type with the additional assumption that 
the measure of any ball is equivalent to its radius, in the sense of Goldberg [24]. We 
successfully avoid this via the discrete Calderon reproducing formula from [27, 21] and a 
subtle split of dyadic cubes of Christ in [4]. 

In Section 5, we apply the results obtained in Sections 3 and 4, respectively, to the 
Schrodingcr operator or the degenerate Schrodinger operator on M", the sub-Laplace 
Schrodinger operator on Heisenberg groups or on connected and simply connected nilpo- 
tent Lie groups. The nonnegative potentials of these Schrodinger operators are assumed 
to satisfy the reverse Holder inequality. Even for these special cases, our results further 
complement the results in [11, 12, 15, 34]. Especially for the sub-Laplace Schrodinger 
operator on connected and simply connected nilpotent Lie groups, Theorem 5.1 through 
Theorem 5.4 below seem unknown before. 

Moreover, in forthcoming papers, we will develop a dual theory for Hp{X) and will 
also apply these results obtained in this paper to the sub-Laplace Schrodinger operator 
with nonnegative potentials satisfying the reverse Holder inequality on the boundary of 
an unbounded model polynomial domain in appeared in [41, 42]. 

Wc finally make some conventions. Throughout this paper, we always use C to denote 
a positive constant that is independent of the main parameters involved but whose value 
may differ from line to line. Constants with subscripts, such as Ci, do not change in 
different occurrences. If / < Cg, we then write f g ot g > f; and if / < 5 < /, we then 
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write f g. We also denote max{^, 7} and min{/3, 7}, respectively, by V 7 and /9 A 7. 
For any set E'ZX, set E^ = {X\ E). 

2 Preliminaries 

We first recall the notions of spaces of homogeneous type in the sense of Coifman and 
Weiss [6, 7] and RD-spaces in [27]. 

Definition 2.1. Let {X, d) be a metric space with a regular Borel measure fi such that 
all balls defined by d have finite and positive measure. For any x & X and r > 0, set the 
ball B{x,r) = {y G X : d{x,y) < r}. 

(i) The triple {X, d, jj) is called a space of homogeneous type if there exists a constant 
Ci > 1 such that for all a; G and r > 0, 

fi{B{x,2r)) < CiiJ,{B{x,r)) {doubling property). 

(ii) The triple {X, d, fi) is called an RD-spacc if there exist constants < k < n and 
C2 > 1 such that for all a; G A', < r < diam iX)/2 and 1 < A < diam {X)/{2r), 

(2.1) {C2)-'X^ii{B{x, r)) < fi{B{x, Xr)) < CsAX^lx, r)), 

where diam (Af) = snp^ y^;^ d{x,y). 

Remark 2.1. (i) Obviously, an RD-space is a space of homogeneous type. Conversely, a 
space of homogeneous type automatically satisfies the second inequality of (2.1). Moreover, 
it was proved in [27, Remark 1.1] that if /x is doubling, then /x satisfies (2.1) if and only if 
there exist constants oq > 1 and Cq > 1 such that for all x e X and < r < diam {X)/ao, 

IJ,{B{x,aor)) > Cofx{B{x,r)) (reverse doubling property) 

(If ao = 2, this is the classical reverse doubling condition), and equivalently, for all x G 
X and < r < diam(A')/ao, {B{x,aor) \ B{x,r)) 7^ 0, which, as pointed out to us 
by the referee, is known in the topology as uniform perfectness. For more equivalent 
characterizations of RD-spaces, see [57]. 

(ii) Let d be a quasi-metric, which means that there exists Aq > 1 such that for all x, 
y, z £ X, d{x,y) < AQ{d{x,z) +d{z,y)). Recall that Maci'as and Segovia [37, Theorem 2] 
proved that there exists an equivalent quasi-metric d such that all balls corresponding to 
d are open in the topology induced by d, and there exist constants Aq > and 9 G (0, 1) 
such that for all x, y, z E X, 

_ ~ _ r_ -1 9 r_ _ 1 l-e 

d{x,z) - d{y,z) < Ao d{x,y) d{x, z) + d{y, z) 

It is known that the approximation of the identity as in Definition 2.3 below also exists 
for d; see [27]. Obviously, all results in this section and Sections 3 and 4 are invariant on 
equivalent quasi-metrics. From these facts, it follows that all conclusions of this section 
and Sections 3 and 4 are still valid for quasi-metrics (especially, for so-called c?-spaces of 
Tricbcl; sec [51, p. 189]). 

Throughout the whole paper, we always assume that X is an RD-space and IJ.{X) = 
00. In what follows, for any x, y E X and r G (0, 00), we set Vr{x) = iJ,{B{x, r)) and 
V{x, y) = n{B{x, d{x, y))). 
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2.1 Admissible functions 

We first introduce the notion of admissible functions. 

Definition 2.2. A positive function p on ^ is called admissible if there exist positive 
constants C3 and ko such that for all x, y G Af, 



Obviously, if p is a constant function, then p is admissible. Another non-trivial class 
of admissible functions is given by the well-known reverse Holder class Bq{X, d, /x) (see, 
for example, [23, 40, 47] for its definition on M", and [50] for its definition on spaces of 
homogenous type). Recall that a nonnegative potential U is said to belong to Bq{X, d, ji) 
(for short, Bq{X)) with q G (1, 00] if there exists a positive constant C such that for all 
balls B, 



with the usual modification when q = 00. It was proved in [50, pp. 8-9] that if [/ € Bq{X) 
for some q € (1, 00] and the measure U{z)dfu,{z) has the doubling property, then U is 
an Ap{X, d, ;u)-weight for some p G [1, 00) in the sense of Muckenhoupt, and also U G 
Hq+e(A') for some e > 0. Here it should be pointed out that, generally, U G Bq{X) cannot 
imply the doubling property of U{z) dfi^z), but when fi{B{x, r)) increases continuous 
respect to r for all x G Af, [/ G Bq{X) does imply the doubling property of U{z) dii{z) by 
[50, Theorem 17]. We also refer the reader to [36] for other conditions to guarantee the 
doubling property of U{z) diJ,{z). Following [47], for all x e X, set 



where we recall that V^(x) = iJ,{B{x, r)) for all x E X and r > 0. Then we have the 
following conclusion. 

Proposition 2.1. Let (7 G (1 V (n/2), 00] and U G Bq{X). If the measure U{z) dp,{z) has 
the doubling property, then p as in (2.3) is an admissible function. 

Proof. For any fixed y E X and 0<r<i?<oo, by the Holder inequality, U e Bq{X) and 
the doubling property of p,, we have 



(2.2) 



p{y) < C3[p{x)]^/^^+''°^[p{x)+d{x, y)]''o/il+ko)_ 




(2.3) 




(2.4) 
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By the assumption that U {z) diJ,{z) has the doubhng property, so there exist positive 
constants C and ni > {{k — n/q) V 0} such that for all A > 1, r > and x e X, 

(2.5) / Uiz)d^{z) <Cy'' [ U{z)dix{z). 

JB{x,\r) JB{x,r) 

By (2.4) and the fact that q > n/2, there exists at least one r > such that 

U{z)d^iiz) < 1 



r 



Vriy) JB{y,r) 

and 



lim 



— [ U{z) dii{z) = oo, 

y) JBiv.K) 



R-^oo Vniy) JB(y,R) 

which imply that < p{y) < oo. Thus, from (2.5), it further follows that 
(2.6) U{z)df^{z)^l. 

^p{y){y) JB{y,p(y)) 

Now we prove that p satisfies (2.2). For any fixed x, y e X, if d{x, y) < p{y), then by 
the doubling property of p and (2.6), we have 

Vp(y) {X) Jb{x, p{y)) l/p(j/) (y j JB{y, p{y)) 

This together with (2.4) implies that p{y) ~ p(x) and hence, (2.2) holds in this case. If 
d{x, y) > p{y), then there exists j G N such that 2^^^p{y) < d{x, y) < 2^ p{y). Thus for 
any integer k > j, if we choose = 2^~^p{y) G (0, p{y)), then by (2.4), (2.5) and (2.6), 
we have 

-ff- j U{z) dp{z) < 2^-/'^-\- j U{z) dp{z) 

Vrk\X) JB(x.r^) ^2krA^) J B(x.2kru) 



[p{y)\ 



2 



/ U{z)dp{z) 

JB(y.2ip(y)) 



< 2kiL/q22{j-k) _ 

'y2jp{y){y) JB{y,Vp{y)) 

< 2-k{2-n/q)2-j{K-ni-2) 

Notice that q > n/2 and n\> k, — n/q imply that ni + 2 — k>2 — n/q > 0. Let A; be the 
maximal positive integer no more than 1 + j(ni + 2 — k)/ {2 — n/q). Then 



r 



[ Uiz)dpiz)<l, 

JB(x.r^.^ 



Kfc(a;) JB{x,rk) 

which together with (2.4) implies that 

p{x) > n ~ V-^p{y) ~ 2-^«"i+2-'^)/(2-"/9)-i}p(y). 

Let fco = (ni + 2 - k)/{2 - n/q) - 1. Then fco > and 

P{y) < [p(x)]V(i+'=o)[2V(2/)]^°/(i+'=°) < [p(x)]V(i+'=o)[^(^^ y)]feo/(i+fco)^ 

which also implies that (2.2) holds in this case and hence, completes the proof of Propo- 
sition 2.L □ 
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We now establish some properties of admissible functions. 

Lemma 2.1. Let p be an admissible function. Then 

(i) for any C > 0, there exists a positive constant C, depending on C, such that if 

d{x, y) < Cp{x), then C~^p{y) < p{x) < Cp{y); 

(a) there exists a positive constant C such that for all x, y & X , 

C-^[p{x) + d{x, y)] < p{y) + d{x, y) < C[p{x) + d{x, y)]- 

(Hi) there exists a positive constant C4 such that for all x, y E X , 

p(y)>C4[p(z)]i+'=»[p(z) + d(x, 

Proof. If d{x, y) < Cp{x), then by (2.2), p{y) < pix). By (2.2) with exchanging x and y 
agam, we have p{x) < [p{y)]^/^^+''°^[p{x)]''°/^'^+^o\ which implies that p{x) < p{y). Thus 
(i) holds. 

To prove (ii), if p{x) < d{x, y), then it is easy to see that p{x)+d{x, y) < p{y)+d{x., y); 
if p{x) > d{x, y), then by (i), p{y) ~ p{x), which implies that 

p{x) + d{x, y) ~ p{y) + d{x, y). 

By symmetry, we have (ii). 

To prove (iii), by (2.2) exchanging x and y, and (ii), we have 

P{x) < [p(y)]i/(i+^'")[/.(x) +d(x, y)]W(i+^o)^ 
which gives (iii). This finishes the proof of Lemma 2.1. □ 

For each m e let Xm = {x & X : 2-^""+^^^ < p{x)/% < 2-'"/2}. Then, obviously, 
X = UmezXm- Moreover, using some ideas from [11] on W^, we have the following results. 

Lemma 2.2. There exists a positive constant C5 such that for all R>2 and m, m' € 
ifxeXm and {X^' n B{x, 2-'^/'^R)) / 0, then \m' - m\ < C^logR. 

Proof lix e Xm and y G {Xm' n 5(x, i'^^l'^R)), then by (2.2) and Lemma 2.1 (iii), we 
have 

^-fc02-m/2 < ^^y-j < j^ko/{l+ko)2-m/2 ^ 

which implies that 

feo2— "1/2 < 2~"^'/2 < ^fco/(i+feo)2'~W2 

namely, R-^° < 2("»-'"')/2 < Rko/{i+ko)_ t^^s^ |^/ - m\ < logi?, which completes the 
proof of Lemma 2.2. □ 

Lemma 2.3. There exist positive constant C and subset {x^rn,k) '■ ^(m, fc) ^ Xm}m&z,k 
such that for all R> 2 and m G Z, Xj^ C [Ufc5(x(^j^), 2~"*/^)] and 

tt{(m', k') : {B{x^m,k), ^2-™/2) n i?(x(^,,,,), i?2— '/2)) ^ 0| < rC ^ 

where denotes the cardinality of any set E. 



8 Dachun Yang and Yuan Zhou 

Proof. For each fixed m G Z, since C [UxeXm^i^: i^""*/^)] , using the standard 5- 
covering theorem (see, for example, Theorem 1.2 in [25]), we obtain a subset {x(^m^k^}k of 



such that 



■m/2\ 



and {-B(x(m fc), |2 ™/^)}fc arc disjointed. 

Assume that R2-"'/^) n R2-"''/^)) / 0. If m < m', then 

and if m > m', then (B{x(rn' ,k'), 2i?2-"^'/2) n Af^) / 0- Thus, by Lemma 2.2, 

(2.7) |m-m'| < C5log(2i?). 
Moreover, for any fixed m', if y G B{x(jni^ki^, i?2~"^'/^), then 

d{xirr^,k). V) < C^^m.fc), ^(m', fc')) + ^(^K, fc') ' ^ + (2i?)^+^^/^]2-™/2 . 

This imphes that 

B(x(^, ^2— '/2) c S(x(^,,), (2i?)i+^«/2]2— /2) C S(x(^,,fc,), i?4+2C52— 72)_ 
Set C = 4 + C5/2. Observe that by the doubhng property of we have 

(^B ^2-V2j j > ^ (^^^^^ ^^{Bix^m',k'), 

> (2i2)i+^^/^]2— /2)) 

for some positive constant C independent of R, m, m! and A; . Thus, for fixed m! , by the 
disjointness of {S(a;(„/ j.')' ^'^)}k'i we have 

: (i?(x(„,,), i?2-™/2) n 5(x(^,,,,), i?2— '/2)) ^ 0} < 

for some positive constant C independent of R, m, m! and A;. This together with (2.7) 
implies that 

tt{(m', k') : iB{x^m,k), i?2— /2) n S(x(^,,fe,), i?2— '/2)) ^ 0} < Cgi?^ log(2i?), 
which completes the proof of Lemma 2.3. □ 
In what follows, we set 

(2.8) ri e C^R), r]{t) G [0, 1] for all t G M, 

r]{t) = 1 when |i| < 1 and ri{t) = when |i| > 2. 
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Lemma 2.4. There exist constant C > and functions {V'(m, fc)}mez, fc such that 

(i) suppV'(m,fc) C B{x(^„i,k), p{xrn,k)/'i) and < V'(m.fe)(^) - 1 f"'^ ^ ^ 

(ii) \^{m,k){x) - i^(rn,k){v)\ < Cd{x, y)[p{xm, k)]~^ for all x, y e X; 

(iii) T.mez,k^im,k)ix) = 1 for all x G X. 

Proof. Let r] be as in (2.8). For each m € Z and k, and all x E X, set fe)(^) = 
r7(2'"/2d(a;(^,fe), x)) and 



^m'eZ,k' V{m',k')ix) 



Then it is easy to show that {V'(m, fc)}mez, fc satisfies (i) through (iii), which completes the 
proof of Lemma 2.4. □ 

In what follows, we always simply denote '(/'(m, fc) ^■^d B{x(^ra,k): p{^(m,k))/'^)j respec- 
tively, by tpa and 5^. 



2.2 Hctrdy spaces H^{X) and their localized variants 

The following notion of approximations of the identity on RD-spaces was first introduced 
in [27], whose existence was given in Theorem 2.6 of [27]. Recall that Vr{x) = fj,{B(x, r)) 
and V{x, y) = fi{B{x, d{x, y))) for all x, y £ X and r > 0. 

Definition 2.3. Let ei G (0, 1], £2 > and £3 > 0. A sequence {Sk}kel, of bounded linear 
integral operators on L'^{X) is called an approximation of the identity of order (ei, £2, £3) 
(for short, (£1, £2, £3)-A0TI), if there exists a positive constant Cq such that for all A; G Z 
and re, x\ y, y' £ X, Sk{x,y), the integral kernel of Sk, is a measurable function from 
X X X into C satisfying 

(1) \Sk{x,y)\ < C'6y2_fe(x)+y(x,y)[2-fc+d(a;,j/)]^''' 

(ii) \Sk{x,y) - Sk{x',y)\ < Ce[^^^^Y^ V. [2^^^)^ for d(x,x') < 
[2-^' + d(.T, y)]/2; 

(iii) Property (ii) also holds with x and y interchanged; 

(iv) \[Sk{x,y) - Skix,y')] - [S,ix',y) - S,ix',y')]\ < Cei^^^^n^^^^Y^ 

X V.(.)W,.) 1 2-4^:^1^^ ^(^'^') ^ P-^' + d{x, y)]/3 and d{y,y') < [2-^ + 
d{x, y)]/3; 

(v) J;^, Sk{x, z) diJ.{z) = 1 = Sk{z, y) dii{z). 

Remark 2.2. (i) In [27], for any iV > 0, it was proved that there exists (1, iV, iV)-AOTI 
{Sk}k& with bounded support in the sense that S'fe(x, y) = when (i(x, y) > C2~'', where 
(7 is a fixed positive constant independent of k. In this case, {Sk}kez. is called a 1-AOTI 
with bounded support; see [27]. 

(ii) If a sequence {St}t>o of bounded linear integral operators on L'^{X) satisfies (i) 
through (v) of Definition 2.3 with 2~'^ replaced by t, then {St}t>o is called a continuous 
approximation of the identity of order (£1, £2, £3) (for short, continuous (£1, £2, £3)-A0TI). 
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For example, if {Sk}k^z is an (ei, 62, e3)-A0TI and if we set St{x, y) = Sk{x, y) for 

t S (2-^-1, 2^''] with^A; G Z, then {St}t>o is a continuous (ei, 62, esj-AOTI. 

(iii) If Sk (resp. St) satisfies (i), (ii), (iii) and (v) of Definition 2.3, then S^Sk (resp. 
StSt) satisfies the conditions (i) through (v) of Definition 2.3; see [26]. 

The following spaces of test functions play an important role in the theory of function 
spaces on space of homogeneous type; see [26, 27]. 

Definition 2.4. Let x G Af, r > 0, /3 G (0, 1] and 7 > 0. A function / on A' is said to 
belong to the space of test functions, G(x, r, 7), if there exists a positive constant C/ 
such that 

(i) \fiy)\ < Cf vA.HVi.,y^ 7Ti^V all y G X; 

(ii) \f{y) - f{y')\ < C-/[4feSy] ^.(.HV(.,,) [f+^r for all y,y'eX satisfying that 

d{y, y') < [r + d{x, y)\/2. 
Moreover, for any / G Q{x, r, (3, 7), its norm is defined by 

ll/lb(x,r-,/3,7) = i^^f {C/ • (^) {ii) hold} . 

It is easy to see that Q{x, r, /3, 7) is a Banach space. Let e G (0, 1] and /3, 7 G (0, ej. 

For applications, wc further define the space Gq{x, r, f3, 7) to be the completion of the set 
g{x, r, e, e) in g{x, r, /3, 7). For / G G^ix, r, /3, 7), define ||/||g«(a;,r,/3,7) = ll/llg{a;,r,/3,7)- 
Let {Qoix, r, /3, 7))' be the set of all continuous linear functionals on Qq{x, r, /3, 7), and 
as usual, endow {Goix, r, /3, 7))' with the weak *-topology. Throughout the whole paper, 
we fix XI G ^ and write g{P, 7) = g{xi, 1, P, 7), and (g^(/3, 7))' = {g^{xi, 1, /3, 7))'. 

The following results concerning approximations of the identity were proved in [27, 
Proposition 2.7] and Lemma 3.5 through Lemma 3.7 and Proposition 3.8 in [21]. 

Lemma 2.5. Let ei G (0, 1], £2, €3 > 0, e G (0, ei A £2) and {-Sfcjfcez be an (ei, 62, 63)- 
AOTI. 

(i) If p G [1,00], then {Sk}kez is a sequence of bounded operators on U'{X) uniformly 
in k. Moreover, for any p G [1, 00) and f G U'{X), ||-S'fe(/) — f\\LP{x) as k ^ 00. 

(ii) If [3, J G (0, e), then {Sk}keZ is a sequence of bounded operators on g^iP, 7) 
uniformly in k. Moreover, for any f G ^o(/^' t)? W'^ki.f) ~ /lls^(/3,7) — > as — )■ 00; for 
any f G (^o(/^' 7))'? '^kif) converges to f in the weak *-topology o/(^o(/^) 7))' as k 00. 

Definition 2.5. Let ei G (0, 1], €2, €3 > 0, e G (0, ei A €2) and {Sk}k&z be an (ei, €2, €3)- 
AOTI. Let p be an admissible function. For any /3, 7 G (0, e), / G {goiP, 7))' and x e X, 

define 

(i) the radial maximal function S^{f) by S^{f){x) = sup^^g \Sk{f){x)\; 

(ii) the radial maximal function 5+(/) associated to p by 

S;{f){x) ^ sup \Sk{f){x)\; 

{kel,,2-''<p(x)} 

(iii) the grand maximal function G^'''^'"'\f) by 

G(^'^'^\f){x) = sup{|(/, <^)| : <^ G g^oW, 7), Mg(.,r,i3,j) < 1 for some r > 0} ; 
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(iv) the grand maximal function Gp ' ' (/) associated to p by 

G^;^^'^\f){x) ^ sup{|(/, g^oiP, 7), M\g(^,,r,f}n) < 1 some r G (0,p(z))} . 

When there exists no ambiguity, we simply write G'^'''^'^\f) and G^p'^'^\f) as G{f) 
and Gp{f), respectively. Notice that ||S'fc(a;, •)llg^(2:,2-'=,/3,7) — C'e for all x G <Y and 
^, 7 G (0, e). It is easy to see that for all xeX, s}{f){x) < < C6G{f){x) and 

(2.9) S;if){x) < CeGp{f){x) < CeG{f){x). 

Definition 2.6. Let e G (0, 1), /3, 7 G (0, e) and p be an admissible function. 

(i) The Hardy space H^{X) is defined by 

H\X) = {/ G 7))' : II/IIhiw = < 00} . 

(ii) The Hardy space Hp{X) associated to p is defined by 

HliX) ^ {/ G 7))' : ll/lkiw = < 00} . 

Definition 2.7. Let q G (1, 00]. 

(i) A measurable function a is called a (1, g)-atom associated to the ball B{x, r) if 
(Al) suppa C B{x, r) for some x & X and r > 0, 

(A2) \\a\\L<,ix) < HB{x, r))]V</-i, 
(A3) a{x) dp{x) = 0. 

(ii) A measurable function a is called a (1, q)p-atom associated to the ball -B(x, r) if 
r < p{x) and a satisfies (Al) and (A2), and when r < p{x)/4, a also satisfies (A3). 

Definition 2.8. Let e G (0, 1), /?, 7 G (0, e) and g G (1, 00]. 

(i) The space H^''^{X) is defined to be the set of all / = ^j-gfjAjOj in 7))', 
where {ajjjgN are (1, g)-atoms and {Ajj^gN C C such that X^jeNl-^jl ^ 

f G H^''^(X), define ||/||_f/i.9(A') = i^^iZ^jeN l^ill' where the infimum is taken over all the 
above decompositions of /. 

(ii) The space {{^"^{X) is defined to be the set of all / = X^^i Ajflj, where A'" G N, 
{AjljgN C C, and {aj}jLi are (1, g)-atoms when g < 00 or continuous (1, oo)-atoms when 
q = 00. For any / G H^^{X), define = inf{X]jLi |Aj|}, where the infimum is 
taken over all the above finite decompositions of /. 

(iii) The space Hp'\X) is defined as in (i) with (1, g)-atoms replaced by (1, g)p-atoms. 

(iv) The space H^pll^{X) is defined as in (ii) with (1, g)-atoms replaced by (1, g)p-atoms. 

The atomic Hardy spaces H^''i{X) were originally introduced in [7]. Moreover, in 
[21, 22], the following results were established. 

Theorem 2.1. (i) Let e G (0, 1) and /3, 7 G (0, e). Then the following are equivalent: (a) 
/ G H\Xy, (b) / G (ga(/3, 7))' and ||5+(/)||ii(A') < 00; (c) / G H^'i{X) with q G (1, 00]. 
Moreover, for any fixed g G (1, 00] and all / G H^{X), 

\\f\\HH^)-\\S^{mLHx)-\\f\\H^,^i;^)- 
(ii) If q G (1, 00], then for all / G hI^\X), ~ WIWhH;^)- 
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We finally point out that by Definitions 2.6 and 2.8 above, the spaces H^{X), Hp{X), 

H^''^{X) and Hj,''^{X) seem to depend on the choices of e G (0, 1) and P, j E (0, e). 
However, in Remark 3.1 below, we show that all these spaces are independent of the 
choices of e G (0, 1) and /3, 7 G (0, e), which is the reason why we omit the parameters e, 
P and 7 when mentioning them. 



3 Atomic decomposition characterizations of Hj{^) 

We begin with the following relations concerning the Hardy spaces in Definition 2.6 and 
Definition 2.8 and the Lebesgue space L^{X). Recall that the symbol C means continuous 
embedding. 



Lemma 3.1. Let q G (1, 00]. Then 

(i) H^'iiX) C hI'\X) C HliX) C L\X); 

(a) iJp'^(/f) = i?p'°°(<%') with equivalent norms independent of p. 



Proof. To see H^''i{X) C Hp''^{X), we only need to prove that if a is a (1, g)-atom sup- 
ported in B{xo, To) with ro > p{xo), then a G Hp''^{X). In fact, by Lemma 2.4, we write 
a = 'Ylfoc'^aO' pointwise. Recall that {V'aja is as in Lemma 2.4. From Lemma 2.3, it is 
easy to see that a = Ylia'^a'^ holds in {Qq{P, 7))' with e, ^, 7 as in Definition 2.8. Let 

K = [M(Sa)]^-^/«||Vaa|U,(;,). 

If \a = 0, set a„ = 0; if ^ 0, set = (Aa)~"'^Va^- Notice that by Lemma 2.1 (i), if 
(i?Q,ni?(xo, ro)) / 0, then Ba C B{xq, Cro). Thus, is a (1, g)p-atom associated to the 
ball Ba = B{xa, p{xa)/2), and by the Holder inequality and Lemma 2.3, we have 



l/q' 



< [p{B{xo, ro))]'/'^-'HB{xo, Cro))]^^' < 1. 



This means that a G hI''^{X) and \\a\\fji.,^;^^ < 1. Thus, H^'i{X) C hI'\X). 

To prove Hp''^{X) C Hp{X), by the definition of Gp, it suffices to prove that for all 
(1, g)p-atoms a, ||Gp(a)||ii(;t') < 1. In fact, if a is a (1, g)-atom, then it is known that 
\\Gp{a)\\L^x) ^ \\G{a)\\L^x) ^ 1- If f;^ a{x) dp{x) ^ 0, assuming that suppa C B{xq, tq), 
then p(xo)/4 < rg < p{xq). Since Gp{a) < M(a), where M is the Hardy-Littlewood 
maximal operator on X, then Gp is bounded on L'i{X) (see [6, 7]); then by the Holder 
inequality, we have 

\\Gp{a)\\Li(^B(xo,4p{xo)) ^ HB{xq, p{xo)))]^/'''\\a\\Lg(^B{xo,M^o))} ~ 1' 

where and in what follows, for any set C -Y, we write 

1/9 
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For X ^ B{xo, 4p(xo)), since for any -0 G GoiP, 7) with 
we have 



a{y)'il){y) dii{y) 



1 



p{x) 



Sg(a;,r,/3,7) < 1 and r < p(a;), 

1 r p{x) y 



which together with (2.2) impUes that 



1 



Gn(a)(x) < , , 



P(a^o) 



-1 7/(i+A;o) 



Thus, ||G'p(a)||ii(;t.\B(xo,4p(a;o))) ~ 1 and, therefore, ||Gp(a)||ii(;t) ^ 1- This shows that 
To prove BHX) C assume that / G i^K^f). By (2.9) and Definition 2.8, we 



have that ||S'+(/)||ii(;t') ^ which means that {S'fc(/)x{2-fc<p(.)}}feeZ is a bounded 

set in L^{X). Thus, by the proof of [55, Theorem III. C. 12], {«S'fe(/)x{2-'=<p( )}}fceZ 
is relatively weakly compact in L^(Af). This together with the Eberlein-Smulian theo- 
rem (see, for example, [55, Theorem II. C. 3]) implies that there exist a subsequence 
{'S'fe^(/)X{2-^:'<p(-)}J"-?eN of {S'jk(/)x{2-fc<p(.)}}feez and a measurable function g G L^iX) 
such that {'S'/fcj (/)X{2"''j <p(.)}}ieN weakly converges to g in L^iX) and hence in (^o(^''T))' 
with e, ^ and 7 as in Definition 2.6. Prom this, it is easy to follow that 



i^iiliw < ii5;(/)iui 



{X) ^ 



Denote by GQi,{lij'~t) the set of functions in ^o(/^'7) "^^^^ bounded support. For any 
^ G QQf,{P,j), assume that supp^ C B{xi, r). By Lemma 2.1 (iii), there exists ji G N 
such that 2~^i < infygB(i;i,r-) P(y)- Therefore, by Lemma 2.5 (ii). 



hm (5fe,(/),^) = (/, V)- 



On the other hand, it is easy to show that Qq^(P,^) is dense in ^q(/3,7), which further 
implies that f = g in {GoiP,^))'- In this sense, we say / G L^{X). Thus (i) holds. 

To prove (ii), by Definition 2.8, obviously, i7p'°°(A') C Hp''^{X) and the inclusion is 
continuous. Conversely, it suffices to prove that if a is any (1, g)p-atom supported in 
B = B{xo, ro), then a G Hp'°°{X) and ||a||^i, cx.^^^ < 1. In fact, if a is a (1, g)-atom, then 



by (i) of this lemma and Theorem 2.1 (i), a G H^^'^{X) = H'^''^{X) C iJp'°°(A'), and 

< 1. If f-^ a{x) dfi{x) ^ 0, then [a — asXB]/'^ is a (1, g)-atom. 



where as 



f^a{y) dfi{y). Thus a -asXE G Hp''^{X) with \\a-aBXB 



KB) 



Since jasj < [^(-B)] ^ and p{xo)/A < r < p{xo), we know that qeXb is a (1, oo)p-atom. 
Thus, a G -ffp'°°(Af) and || 

'^\\hp''^(x) ^ This gives (ii), which completes the proof of 
Lemma 3.1. □ 

Remark 3.1. (i) Observe that in Definition 2.8, if X^jgj^ Xjaj converges to / in {GoiP, 7))', 
where {Aj}jgN C C such that 5^jgN|Aj| < 00 and {ajjjgN are (1, q')-atoms or (1, q)p- 
atoms, then by Lemma 3.1, X^jgp^Ajaj also converges to / in L^{X), where / and / 
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coincide in {Qq{I3, 7))'. By identifying / with /, if we replace the distribution space 
(GoiPi 7))' in Definition 2.8 with L^{X), we still obtain the same atomic Hardy spaces, 
which further implies that the spaces H^''^{X) and Hp''^{X) are independent of the choices 
of e G (0, 1) and /3, 7 G (0, e). This is the reason why we omit the parameters e, /3, 7, 
when we mention the atomic Hardy spaces H^''^{X) and Hj,''^{X). 

(ii) Notice that Theorem 2.1 shows that H^''^{X) = H^{X). By (i) of this remark, we 
know that the spaces H^{X), whose definitions seem to depend on the choices of e € (0, 1) 
and /3, 7 G (0, e), are actually equivalent. Thus, the space H^{X) is independent of the 
choices of e G (0, 1) and /3, 7 G (0, e). 

(iii) Similarly, if we can prove Hp''^{X) = Hp{X), then the space Hp{X) is also inde- 
pendent of the choices of e G (0, 1) and /?, 7 G (0, e). We do prove Hp''^{X) = Hp{X) in 
Theorem 3.2 below without using the fact that the space Hp(X) is independence of the 
choices of e G (0, 1) and /3, 7 G (0, e). 

To obtain an atomic decomposition characterization of -ff^(^), we first construct a 
kernel function on x by subtly developing some ideas of Coifman presented in [8] (see 
also [27]). 

Proposition 3.1. Let p be an admissible function. There exist a nonnegative function 
Kp on X X X and a positive constant C such that 

(i) Kp{x, y) =0 if d{x, y) > C[p{x) A p{y)] and Kp{x, y) < <^ y^t^) (y) ^"'^ 
x,y£ X; 

(ii) Kp{x, y) = Kp{y, x) for all x, y € X; 

(iii) \Kp{x, y)-Kp{x, y')\ < Vp(,)(a;)+yp(^)(y) f*^^ v' ^ withd{y, y') < 
[pix) + dix,y)]/2; 

(iv) \[Kp{x, y) - Kp{x, y')] - [Kp{x', y) - Kp{x', y')]\ < v^,^,,.,lv^,^,,y, 
for all X, x' , y, y' £ X with d{x, x') < [p{y) + d{x, y)]/3 and d{y, y') < [p{x) + d{x, y)]/3; 

(v) Kp(x, y) dp,{x) = 1 for all y E X. 

Proof. Let 77 be as in (2.8) and h{t) = r]{2t) for all t G M. For any locally integrable 
function f on X and u E X, define 

(3.1) Tp{f){u) ^ ^ h (^^) /H dn{w) 
and 

We first claim that for any fixed constant C > 1, if d{x, u) < Cp{x), then 

(3.2) r,(i)(u)~yp(,)(x)~rp(i)(u), 

where the equivalent constants depend only on C, C2 and C3. To see that, notice that for 
any u e X,hy (2.8) and (2.1), it is easy to see that "l^(„)(tt) ^ Tp{l){u). Since p{w) ~ p{u) 
for allw e X with d{x, u) < p{w) via Lemma 2.1 (i), by (2.8) and the doubling property of 
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H, we also have Tp{l){u) ~ Vp(^u){'u)- Moreover, if d{x, u) < Cp{x), then by Lemma 2.1 (i), 
we have p{x) ~ p{u), which together with (2.1) impUes that V^(j.)(x) ~ V^(j.)(n) ~ V^(„)('u). 
This shows the above claim (3.2). 

Moreover, for all z G X, since ^(^%^) / implies that d{z, w) < p{z), by (3.2), we 



have 



For all X, y G Af, define 
(3.4) Kpix, y) = ^ 



Tn{l){x) J;, V 



d{x, z 



1 



dp{w) ~ Tp{l){z) 



d{z, y) 



1. 



dp{z] 



T,{i){yy 



Then ifp satisfies (i) through (v) of Proposition 3.1. 

It is easy to see that Kp{x, y) = Kp{y, x) for all x, y E X, which yields (ii). 
To see (v), by (3.1), we have 



(l)(x) 



h 



1 



X 



d{z, y) 



d{x, z] 

d{z, y) 
Pi^) 



dp{x) 

dp,{z 



1 



Ui){y) 



dp{z] 



Tpii){y) 



To prove (i), notice that h{d{x, z)/ p{z))h{d{z, y)/p{z)) ^ implies that d{x, z) < p{z) 
and d{z, y) < p{z), which together with Lemma 2.1 (i) yields that p{x) ~ p{z) ^ p{y) and 
d{x, y) < [p{x) A /?(?/)]. Prom these estimates, (3.3) and (3.4), it follows that 



Kp{x, y) 



< 



dn{z) 



< 



< 



yp{x){x) Jd(x,z)<p{x) yp{y)iv) ^ yp(x){x) ^ Vp(^^){x) + Vp(^y){y)' 

Moreover, by (3.4), it is easy to see that Kp{x, y) 7^ if and only if 

hidix, z)/p{x))h{d{z, y)/p{z)) ^ 

for some z, which implies that y) < p{x). Thus supp iirp(x, •) C B{x, Cp{x)), which 
establishes (i). 

To obtain (iii), if d{x, z) < p{z), d{y, y') < [p{x) + d{x, y)]/2 and d{z, y) < p{z) or 
d{z, y') < p{z), by Lemma 2.1 (i), we then have d{y, y') < p(x) + p{z) < p{x), d{x, y) < 
p{x) and p{x) ~ p{z) ~ p{y) ~ p{y'). By this and (3.3), we have 



(3.5) 



-h 



d{z, y) 



Tp{l)iy) V P(^) J Tp{l)iy') 



-h 



d{z, y'] 



P{z) 



< 



Tp{i)iy) 



h 



djz, y) 
P{^) 



-h 



djz, y'] 
Piz) 



+ 



\Tpil)iy)-Tpil)iy')\ 
Tp{l){y)Tp{l){y') 
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^ 1 d{y, y') ^ 

< 1 d{y, y') 



' d{w, y) \ _ ^ / d{w, y') 
p{w) ) \ p{w) 

d{y, y' 



< 



'\w—y\<p{w) or \w—y'\<p{w) 

p{w) 

1 d{y,y') ^ 1 d{y,y') 



dp{w) 
- dp{w) 
djxiw) 



yp{x){x) p{x) [Vp(a;)(x)]2 p{x) J\w-y\<p{x) or \w-y'\<p(x) 

^ 1 djy, y') 

yp{x){x) p{x) 

This together with (3.3) impHes that for all x, y, y' e X with d{y, y') < [p{x) + d{x, ?/)]/2, 

\Kp{x, y) - Kp{x, y')\ 

'd(x, z)^ 



< 



Tpm 



1 _^ ( d{z, y) 



1 ^(d{z,y'] 



Tp{l){y) V P{z) ) Tp{\){y') \ p{z 



1 d{y, y') 



p{x) 



which shows (iii). 

To prove (iv), for all x, x' ,y, y' ^ X with d{x, x') < [p{y) + d{x, y)]/S and d{y, y') < 
[p{x) + d{x, y)]/3, by (3.5), we have 

\[Kp{x, y) - Kp{x, y')] - [Kp{x' , y) - Kp{x' , y')]\ 



< 



X 



1 ^( d{x, z) 



1 ^(d{x',z) 



Tp{l){x) V P{z) J Tp{l){x') V P{z) 



^ d{x, x') d{y, y') 



1 diz, y) 



1 fd{z, y') 



Tp{l){y) V Piz) J Tp{l){y') \ p{z) 
1 



dfj,{z) 



p{y) p{x) Vpi^^) {x) + Vpi^y) (y) ' 
which yields (iv) and hence, completes the proof of Proposition 3.1. 



□ 



Theorem 3.1. Let p be an admissible function and Kp as in Proposition 3.1. If f E 
H^X), then f - Kp{f) e H^{X), where 

Kp{f){.x)= [ Kp{x, y)f{y)dp{y) 

for all X E X . Moreover, there exists a positive constant C such that for all f G H^{X), 

\\f-KpU)\\m^x)<C\\f\\Hi^xy 

Proof. Let {Sk}ke'£ be a 1-AOTI with bounded support as in Remark 2.2 (i) and / G 
Hl{X). Then 



||/-Kp(/)||^l(;,) < 



sup |5fe(/)(-)| 
{fe:2-'=<p(.)} 



+ 



sup \Sk{Kp{fm\ 

{k:2-k<p{-)} 



L^{X) 
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+ 



sup \Skim - Sk{K,im.)\ 

{k:2-k>p{.)} 



= h+l2 + h- 

By (2.9), it is easy to see that 

h < \\S-^U)\Ww < \\GpU)\W{x) - ll/lli/iw- 
By Lemma 3.1, / G L?-{X), and moreover, for all x ^ X, 



For all X, y e X, let 



X Jx 



Sk{x, z)Kp{z, y)f{y)diJ.{z)dn{y). 



fix,y)= Skix, z)Kp{z, y)d^{z). 



X 



To obtain that I2 ^ ||/||_f/i(A'); by the definition of Hp{X), it suffices to prove that ip{x, •) G 
Q{€,e) and \\<f{x, ■)\\g^(x,e,e,e) ^ 1 for some < ^ < p{x) and e G (0, 1) as in Definition 2.6. 
To this end, notice that by Proposition 3.1 (i), Kp{z, y) 7^ if and only if d{y, z) < p{z). 
Then if 2~*^ < p{x), d{x, z) < and d{z, y) < p{z), by Lemma 2.1 (i), we have 



(3.6) 



p{z) ~ piy) ~ p{x) 



and d{x, z) < p(-x), which further implies that supp(^(a;, •) C i?(.T, Cp{x)). Also, by 
Proposition 3.1 (i) and (3.6), |9?(x, y)| < [^(a;)(^)]~^- t^i^ other hand, if < p{x), 
d{x, z) < 2-^, d{x, y) < p{x) and d{y' , y) < [p{x) + d{x, y)]/2, by Lemma 2.1 (i), we have 
p{x) ~ p{z), d{x, z) < p{x) and d(y', y) < p{z) + d{z, y). Therefore, 



\Kp{z, y)-Kp{z, y')\< 



d{y, y') 



yp{x){x) p{x) 



This implies that 



|<^(x, y) - (p{x, y')\< / \Sk{x, z)\\Kp{z, y) - Kp{z, y')\ dp.{z) < 
Jx 



1 d{y, y') 

yp{x){x) p{x) 



Thus, letting i = p(x)/2, we then have ip{x, •) G Q{e, e) and e, e) ^ 1) which is 

desired. 

To estimate I3, by Proposition 3.1 (v), we write 

Skif){x) - Sk{Kp{f)){x) 

= {^jj-^'''^^' ~ ^)dpiu)^ f{z)dn{z). 



For all a;, 2; G A", let 



■il){x, z) = [Sk{x, z) - Sk{x, u)]Kp{u, z)dp{u) 

JX 
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Notice that by Proposition 3.1 (i), if Kp{u, z) ^ 0, then d{u, z) < C'p{u), and by 
Remark 2.2 (i), if Sk{x, u) / 0, then d(x, u) < C2~^ . We first claim that there exists 
a positive constant Cq > 2C such that if d{x, u) > Cq2~^ and d(u, z) < C'p{u), then 
d{x, z) > C2~^ and hence, Sk{x, z) = 0. 

In fact, by (2.2) and p{x) < 2~^, we have 

d{x, z) > d{x, u) — d{u, z) > d{x, u) — C' p{u) 

> dix, u) - C'C3[/9(x)]i/(i+^'")[/9(x) + d{x, n)]*^o/(i+'=°) 

d{x, u). 

Choosing Cq large enough such that Cq > 2C and 

|l - C'C3(Co)-^/(^+'=°ni + l/Cof^l^^+^^^^ > 1/2, 

we then have d{x, z) > C2^^ . 

Thus ip{x, z) ^ only when there exists an u E X such that d{x, u) < Cq2~^ and 
d{u, z) < C'p{u). Based on this observation, set 

Wi = {ueX : d{z, u) < [2-^= + d{z, x)]/2, d{z, u) < C'p{u), d{x, u) < Co2-*} 

and 

W2 = {uGX : d{z, u) > [2-'' + d{z, x)]/2, d{z, u) < C'p{u), d{x, u) < Co2-^}. 
Then 



\^{x, z)\ < 



+ 

Wi JW2. 



\Sk{x, z) - Sk{x, u)\Kp{u, z) dp.{u) = 74 + h. 



If « G Wi, then p{u) ^ p{z) and 

d{x, z) < d{x, u) + d{z, u) < Co2-^ + [2"*^ + d{x, z)\/2 < (Co + 1/2)2-*^ + d{x, z)/2, 

which implies that d{x, z) < 2~^. Therefore, noticing 2~^ > p{x)+d{x, z) ~ p{z)+d{x, z) 
via Lemma 2.1 (iii), by the regularity of and Proposition 3.1 (i), we have 

h < 2'p{zh < '^'^ ' 



[V2M^) + V2-4z)]Vp^,){z) ~ d{x, z)+piz)V{x, z) + Vp^,){z)- 

If u G W2, then p{u) ~ p{z) and d{x, z) < 2d{z, u) < p{z), which implies that p{x) ~ p{z). 
Hence by Proposition 3.1 (i) and (v), and Definition 2.3 (i), we obtain 

I,<^—< ^ 



Vp^,){z) ~ d(x, z) + p{z) F(x, z) + Vp^,){z) ■ 
Thus, 

p{z) 1 



~ d(x, z) + p{z) F(x, z) + F,(,)(z) ' 
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^// 



which imphes that 

Therefore, by Lemma 3.1 (i), we have 

which completes the proof of Theorem 3.1. □ 

Theorem 3.2. Let p be an admissible function and q G (1, oo]. Then 

(i) Hp{X) = hI''^{X) with equivalent norms; 

(i^) II ■ ll-ff^CA") (^'''^d II • ||j:^i,<7 (-^^.^ are equivalent norms on i7^'gj^(A'). 

Proof. We first show (i). Let / G Hl{X). Then by Theorem 3.1, / - Kp{f) G H^{X). 
By the atomic decomposition of H^{X) in Theorem 2.1 (i), there exist {AjjjgN C C and 
(1, g)-atoms {ojlj-gN such that / — Kp{f) = J2j^n^j'^j ^^'^ 

T.\^j\<\\f-Mf)\\m{^), 

which together with Theorem 3.1 imphes that I'^jl ^ II/IIhi(A')- 

Now we decompose Kp{f) as a summation of (1, q')p-atoms. Let {V'aja be as in Lemma 
2.4 and = HBa)V~^/'^\\i^aKp{f)\\L,(x). If = 0, set aa = 0; if A^ > 0, set = 
{\a)~^i^aK p{f) . Obviously, is a (1, g)p-atom, and 

(3.7) Kp{f) = Y,Kaa- 

a 

Recall that supp^'a C = B{xa, pixa)/'^,). Notice that by Lemma 2.1 (i), it is easy to see 
that if X G Ba, then Vp(^x)i^) ~ l^{Ba). This, together with suppi^p(a;, •) C -B(a;, Cp(a;)), 
Lemma 2.3 and Lemma 3.1 (i), yields that 

XI ~ ^t^{^oc)\\fXB{xc,Cp{xoc))\\L^{X) SUp — j-r < ||/||l1(A') ^ ll/l|m(A')- 

On the other hand, assume that suppoj C B{xj, rj). If rj < p{xj), then aj is a (1, q)p- 
atom. If rj > p{xj), then by Lemma 2.3, there exist finite many aj such that (5^^. fl 
B{xj, rj)) namely, aj = Ylaj '^ccj^j a finite summation. Let 

Aj-,„. = \n{Ba.)]^-'^/'i\\ipajaj\\Li{x)- 

If ^j,aj = 0, then set aj^a^ = 0; if Xj^a^ > 0, then set aj^aj = (Aj,aJ~ VajOj- Then Uj^aj 
is a (1, q')p-atom, and by the Holder inequality. Lemmas 2.1 and 2.4, we have 



1-1/9 



{B„.nB{xj,rj)^9 
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<KS(x,-,r,))]V«-i||a,|U,(;,)<l. 

Thus, 

(3.8) /= ^ ^jaj + ^ ^j^j,aiO'j,ai + ^aQg; 

rj<p{xj) rj>p{xj) aj a 

where {aj}rj<p(xj), {(^j,aj}rj>p{xj),aj and {aa}a are (1, g)p-atoms and 

rj<p{xj) rj>p{xj) o-j a j a 

That is, / G Hp''^{A!) and ^ which together with Lemma 3.1 implies 

(i)- 

To prove (ii), if / G H^'^^{X), then / G Li{X) with bounded support when q < oo 
and / G Cc(A') when g = oo, and so is Kp{f) by (i), (ii) and (iii) of Proposition 3.1. 
By Proposition 3.1 (v), / — Kp{f) G H^'^^{A^). From Theorem 2.1 (ii), it follows that 
there exist A*" G N, {\j}jLi C C, and (1, g)p-atoms {aj}jLi when q < oo and continuous 
(1, oo)p-atoms {aj}jLi when q = oo such that / — Kp{f) = '}2fj=i'^j and X^^Li ^ 
11/ - Kp{f)\\Hi{^x), which together with Theorem 3.1 imphes that XljLi < WIWh^x)- 
Observe that by Lemma 2.3, (3.7) in this case is a finite summation of (1, g)p-atoms 
when q < oo and continuous (1, oo)p-atoms when q = oo. This together with the above 
argument in the proof of (i) implies that (3.8) in this case is also a finite summation of 
(1, g)p-atoms when g < oo and continuous (1, oo)p-atoms when q = oo, and 

ii/^'Lw^ E E Ei^A-«.i+E^«^ii/ii^.M^)- 

rj<p{xj) rj>p{xj) otj a 

On the other hand, obviously, ^ 11/11 wi. 9 which completes the proof of 

Theorem 3.2. □ 

We point out that an interesting application of finite atomic decomposition character- 
izations as in Theorem 3.2 is to obtain a general criterion for the boundedness of certain 
sublinear operators on Hardy spaces via atoms; see [39, 56, 21] for similar results. 

Let I? be a Banach space with the norm || • ||g and 3^ be a linear space. An operator T 
from 3^ to B is called 5-sublinear if for all f,g&y and numbers A, 1/ G C, we have 

\\T{Xf + i.g)\\B<\Xmf)\\B + W\\\T{g)\\B 

and ||T(/) — T{g)\\B < \\T{f — 3)115; see [56]. Obviously, if T is linear, then T is B- 
sublinear. Moreover, if = L^[X) with r > 1, T is sublinear in the classical sense and 
T{f) > for all f Ey, then T is also B-sublinear. Using Theorem 3.2 (ii), we immediately 
obtain the following result. 
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Proposition 3.2. Let p he an admissible function, q G (1, oo), B be a Banach space and 
T be a B-sublinear operator from H^'^^i'^) to B. If 

(3.9) sup{||T(a)||5 : a is any (1, q)p-atom} < oo 
for some g G (1, oo), or 

(3.10) sup{||r(a)||B : a is any continuous (1, oo)p-atom} < oo, 

then T uniquely extends to a bounded B-sublinear operator from Hp{X) to B. 

Proof. For any / e H^p\l^{X), by Theorem 3.2 (ii), there exist an G N, {\j}f=i C C, 
and (1, g)p-atoms {ojl^Li when q < oo and continuous (1, oo)p-atoms when g = oo such 
that / = YljLi ^j^j pointwise and Xl^i l-^jl ^ Then by the assumption (3.9), 

we have that ||T(/)|b < Ef=ilA,l < \\f\\Hl(xy Since hI%{X) is dense in Hl{X), a 
density argument gives the desired conclusion, which completes the proof of Proposition 
3.2. □ 

Remark 3.2. (i) It is obvious that if T is a bounded iJ-sublinear operator from H^{X) 
to B, then T maps all (1, g)p-atoms when q G (1, oo) and continuous (1, oo)p-atoms when 
q = oo into uniformly bounded elements of B. Thus, in Proposition 3.2, the assumption 
that the uniform boundcdness of T on all (1, g)p-atoms when q G (1, oo) and all continuous 
(1, oo)p-atoms when g = oo is actually necessary. 

(ii) Even when B = Hp{X) ox B = L'^{X) with r > 1, to apply Proposition 3.2, it 
is not necessary to know the continuity of the considered operator T from any space of 
test functions to its dual space, or the boundcdness of T in L^(A') or in IP{X) for certain 
p G (l,oo), which may be convenient in applications. 

(iii) Suppose that 

(3.11) sup{||r(a)||B : a is any (1, oo)p-atom} < oo. 

Denote by Tq the restriction of T in H'^p^'^J^X). Then Tq satisfies (3.10). By Proposition 
3.2, To has an extension, denoted by Tq, such that Tq is bounded from H^{X) to L^{X). 

However, Tq may not coincide with T on all (1, oo)p-atoms. See [3, 56, 39, 21] for further 

details and examples. 

(iv) As an replacement of (iii) of this remark, we point out that if i? = L'^^X) for some 
q G [1, oo), T is bounded from L'P'^{X) to L^i(^) for some pi, q\ G [1, oo), and T satisfies 
(3.11), then T and Tq coincide on all (1, oo)p-atoms. In fact, since T is bounded from 
L^^{X) to -L''^(A'), from Lemma 2.5 (i) with a 1-AOTI with bounded support, it is easy 
to deduce this conclusion. Therefore, in this case, to obtain the boundcdness of T from 
Hl{X) to Li{X), it is enough to prove (3.11). 

As an application of Proposition 3.2, we obtain the boundcdness in H^{X) of certain 
localized singular integrals, which are closely related to p and motivated by the Riesz 
transforms associated to the Schrodinger operators with nonnegative potentials satisfying 
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the reverse Holder inequality. In what follows, L'^{X) denotes the space of functions 
/ G L°°{X) with bounded support. 

Let T be a linear operator bounded on L'^(X) for some q G (1, oo). In addition, suppose 
that T has associated with a kernel K satisfying that there exist constants e G (0, 1] and 
C, C >0 such that 

(Kl) \K{x, y)\ < for all x, y e X with x ^ y; 

(K2) \K{x, y) - K{x, y')\ < Cy^[^^Y for all x, y, y' E X with x 7^ y and 
d{y, y') < d{x, y)/2, 

(K3) for all / G L'^{X) and almost all x ^ supp/, 

(3.12) T{f){x) = [ K{x, y)n ( ] /(y) ^^(y), 

Jx \ Cpyx) j 

where 77 is as in (2.8). Then we have the following result. 

Proposition 3.3. The operator T as in (3.12) is bounded from H^{X) to L^{X). 

Proof. By Proposition 3.2, to show Proposition 3.3, it suffices to prove that for all (1, 2)p- 
atoms a, \\T{a)\\i^i(^;)^^ < 1. To this end, assume that the atom a is supported in B(xo, r) 
with r < p{xo). We first claim that suppr(a) C B{xo, Cp{xo)), where (7 = 1 + 
2C3(C4)-^(l + 2C)^o. 

In fact, if x ^ B{xq, Cp{xq)) and d{x^ y) > 2Cp{x) for all y G B{xq, r), then the sup- 
port assumption of rj together with (3.12) implies that T{a){x) = 0. If a; ^ B{xo, Cp{xq)) 
and there exists some y G B{xo, r) such that d{x, y) < 2Cp{x), then by Lemma 2.1 (iii) 
and (2.2), 

p{x) < (C4)-\l + 2C)'=°p(y) < 2(C4)-^(73(1 + 2C)'=°p(^o); 

thus, 

dixo, y) > d{xo, x) - dix, y) > Cp{xo) - 2{C^)-^C^{1 + 2Cp p{xo) > p{xo), 

which is a contradiction with y G B{xq, r). Thus, T{a){x) = also in this case and this 
shows the claim. 

If r > p{xo)/A, from the Holder inequality and the L*(-Y)-boundedness of T, it then 
follows that 

\\T{a)\\Li{x) = \\Tia)\\Li^B(xo,Cp{xo))) ^ [H-(a:o)]^~^^''||a||L'J(i?(:r„, r)) < 1- 

If r < p(xo)/4, then by the Holder inequality and the L'^(^)-boundedness of T, we 
have 

\\T{a)\\mBi.„Cr)) < [Vr{xo)]^-^/^T{a)h,^Bi.o,Cr)) < 1- 

For any x G {B{xo, Cp{xo)) \ B{xo, Cr)), by j^a{y)dp{y) = 0, (Kl) and (K2) together 
with Lemma 2.1 (i), we have 



|r(a)(x)| = ^ K{x, y)r, (^^) - K{x, xo)v 



d{x, xq) 
p{x) 



\a{y)\dp{y) 
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< ^ \Kix, y) - K{x, xo)\v ) Hy)\ dfi{y) 



+ 



< 



L 



/ \K{x, xo)\ 
Jx 



V 



B{xo,r) Xo) 



+ 



L 



d{x, y) 
P{x) 
djxo, y) ' 
d{xo, x) 
d{xo, y) 



7] 



d(x, .Xo) 



B{xo,r) Vix, Xo) p{x) 



~ V{x, xo) 



d{xo, x) 



+ 



p{x) 

e 

\a{y)\dii{y) 
\a{y)\dp{y) 

1 T 

< 



\a{y)\dfj,{y) 



V{x, Xo) p{xo) ~ V{x, Xo) \_d{xo, x) 



Thus, assuming that 2-'0r < p{xo) < 2-'o+V for certain jo € N, we obtain 

|r(a)(a;)| dii{x) 



L 



B{xo,Cp{xo))\B{xo,Cr) 



< 



Ibi 



' B{xo,Cp{xo))\B{xo,Cr) ^{x, Xq) \_d{xo, x) _ 

which completes the proof of Proposition 3.3. 



30 

dp{x)<Y,2-^^<l, 
j=0 



□ 



Remark 3.3. We should point out that Proposition 3.2 is used in Section 5.4 to prove 
the boundedness on Hardy spaces of Riesz transforms associated to Schrodinger operators 
with potentials satisfying the reverse Holder inequality on connected and simply connected 
nilpotent Lie groups. Moreover, there exist many examples of such localized singular 
integrals as in (3.12). For example, if a; G M" and 

then T is an operator as in (3.12). Let T be a linear operator bounded on L'^{X) for some 
q G (1, oo) and for all x e X, 

T(/)(x) = p.v. / K{x,y)f{y)dp{y) 
Jx 

with K and satisfying (Kl) and (K2), where K^{x, y) = K{y, x) for all x, y e X. 
Define T by setting, for all a; G A", 

T{f)ix) ^ p.v. J^K{x, y)ri (^^^) md^v)- 

Since the maximal operator T*, which is defined by setting, for all x E X, 



T*{f){x) = sup 

e>0 



d{x,y)>e 



K{x, y)f{y)dp{y) 



is bounded on L^(A') for certain q G (1, oo) (see, for example, [48]), then T is an operator 
as in (3.12). 
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4 Radial maximal function characterizations of if^(A') 

In this section, we establish a radial maximal function characterization of Hp{X) as follows. 

Theorem 4.1. Let p he admissible and let ei G (0, l],e2, £3 > 0, e € (0, ei A 62) and 
{Sk]k& be an (ei, £2, eaj-AOTI. Then f G H^iX) if and only if f G (GoiJ^, 7))' for some 
/3, 7 G (0, e) and ||<S'^(/)||Li(Af) < 00; moreover, there exists a positive constant C such 
that for allfeHl{X), 

(4.1) C-^\\S;{f)\W^x) < ll/lkiw < C\\S;{f)hii;,y 

For the sake of applications, we need the following characterization of Hp(X) via a 
variant of the radial maximal function. 

Theorem 4.2. Let p be an admissible function. Assume that {Tt}t>o is a family of 
linear operators bounded on L'^{X) with integrable kernels {Tt{x, y)}t>o satisfying that 
there exist a continuous (ei, €2, €3)-A0TI {Tt}t>o for some ei G (0, 1] and €2, €3 > 0, 
constants C > Q, 82 ^ (0, £2] and ^3 > such that for all x, y E X, 

(i) \Tt{x, y)\ < Cvt{x)+V{x, y) \-t+dlx, y)\^^ U+p{x) 

(ii) |r,(x, y) - T,{x, y)\ < g[^]^ V,(.)+V(.,,) l^+Hfe^]^^- 

Then the following are equivalent: (a) f G Hp{X); (b) / G L^{X) and < 00; 

(c) / G L\X) and ||T+(/)||ii(;i,) < 00. Moreover, for all / G L^X), 



\m^ix)-\\T+{f)\\mx)-\\T;{f)\\mx), 

where T+(/)(x) = sup^^o \Ttif){x)\ and r+(/)(x) = supo<t<p(^) \Tt{f)ix)\ for all xeX. 

Remark 4.1. (i) If {Tt}t>o and {Tt}t>o satisfy the assumptions of Theorem 4.2, then it 
is easy to see that for all / G L\^^ (X) and x £ X, 

T+U){^) < T+{f)ix) + M{f){x) < M{f){x), 

and thus r+ is bounded on LJ'{X) for p G (1, 00] and bounded from L^{X) to weak-L^(A'). 
Moreover, for all / G L^{X), observing that for almost all x e X,hy (ii) of Theorem 4.2, 



\f{x)\ = hm \Tt{f)ix)\ < T+if){x) + Clini 



t<p{x),t-^0 ^ [p{x) 



S3 



M{f){x)<Tt{f){x), 



we have that_^||/||ii(;,) < ||r+(/)||ii(;,) < ||T+(/yUi(^). 

(ii) Let {Tt}t>o be as in Theorem 4.2. Then {Tt{x, y)X{t<Cp(x)}{^)}t>0 satisfies (i) and 
(ii) of Theorem 4.2 with 62 = 62 and any Si, S3> 0. Moreover, let S3 > and for alH > 
and X, y E X, define 

Tt(x, y) = ft(x, y) , ^^^'i^] ' . 

Then it is easy to verify that {7t}t>o satisfies (i) and (ii) of Theorem 4.2 with Si = S3 and 
S2 = 62. 
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To prove Theorem 4.1, we need a variant of the inhomogeneous discrete Calderon 
reproducing formula estabUshed in [27]. This variant was estabhshed in [21]. To state this 
variant, we first recaU the dyadic cubes on spaces of homogeneous type constructed by 
Christ [4]. 

Lemma 4.1. Let X be a space of homogeneous type. Then there exists a collection {Q^ C 
X : k E Z, a & I^} of open subsets of X , where Ik is some index set, and the constants 
S G (0, 1) and Ci, C2 > such that 

(i) ijl{X \ yJocQa) = for each fixed k and {Q^ n Q|g) = ifa^/S; 

(a) for any a, (3, k, £ with £ > k, either C or (Q^ n Q^) = 0; 

(Hi) for each {k, a) and £ < k, there exists a unique /3 such that C Q^; 

(iv) diam((5^) < CiS'^ , where diam((5^) = sup{d(x, y) : x, y & Qa}; 

(v) each Q\ contains some ball B{z^, 026^), where z\ G X . 

In fact, we can think of Q\ as being a dyadic cube with diameter rough centered 
at z\. In what follows, for simplicity, we always assume that (5 = 1/2; see [27] for how to 
remove this restriction. 

For any j G N, G Z and r G /fe, denote by Qr*^, = 1, 2, • • • , A^(fc, r), the set of 
all cubes (^^^ C Q\. We also denote by z^'^ the center of Qt''^ and y^r'^ any point of 
Qr'''- For £ G Z and j G N, set 

(4.2) V{i, j) = {y^''^ G Q^''' : k = i, ■ ■ ■ , 00, r e h, 1^ = 1, ■ ■ ■ , N{k, r)} . 
In what follows, for any set E and locally integrable function /, set 

Let jo G N such that 

(4.3) 2-^"Ci < 1/3. 

The following Calderon reproducing formula comes from [21]. 

Lemma 4.2. Let ei G (0, l],e2, £3 > 0, e G (0, ei A £2) and {Sk}k&z be an (ei, £2, £3) - 
AOTI. Then there exists ji > jo with jo as in (4.3) such that for any £ G Z andV{£+l, ji) 
as in (4.2), there exist operators {Dk}kLi kernels {Dkix, y)}^^ such that for any 
f e (aa(/3, 7))' with /3, 7 e (0, e), 

/(^) = E E / , . ^^(^' y^My) rriQ^ASiif)) 
reli v=l -^Qr 

00 N{k,T) 

+ E E E i^{Qy)Dk{x,y'rnDk{fMn, 

where Dk = Sk — Sk-i for any k > £+1 and the series converge in {GoiP^ 7))'- Moreover, 
for any e' G [e, ei A £2), there exists a positive constant C^i depending on e' but not on 
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£, ji and + 1, ji) such that for k > i satisfies (i) and (ii) of Definition 2.3 with 
ei and replaced by e' and the constant Cq replaced by C^i, and J.^D]^{z, y) diJ,{z) = 
Dk{x, z) djjL^z) = 1 when k = i, and = when k > £+1. 

The following estimate is a variant of Lemma 5.3 in [27], which is also used in the proof 
of Theorem 4.1. 

Lemma 4.3. Let e > and r £ {n/{n + e), 1]. Then there exists a positive constant 



C such that for all k, k' G Z, ar'^ G 
= 1, ■ ■ • , N{k, t), and x E X, 

N{k,T) 



yr''^ G Qt''^, Qt''^ C Qt''^ with t & Ik and 



k, v\ 



2-(fc'Afc) + V{x, yr'") 



2-{k'/\k) 



k, u\ 



< (j2i{k'Ak)-k]n{l-l/r) J 



N{k,T) 



1/r 



E E l«r'1^XQ.,^ I (X) 



We point out that if Qp'^ = Qt'^ , then this is just Lemma 5.3 of [27]. The proof of 
Lemma 4.3 is a slight modification of the proof of [27, Lemma 5.3]. We omit the details. 

We point out that the following approach used in the proof of Theorem 4.1 is totally 
different from that used by Dziubanski and Zienkiewicz in their papers [10, 11, 12, 15] 
to obtain a similar result on M". The method in [10, 11, 12, 15] strongly depends on an 
existing theory of localized Hardy spaces in the sense of Goldberg [24]. Our method 
successfully avoids this via the discrete Calderon reproducing formula. Lemma 4.2. 

Proof of Theorem 4-1- By (2.9), to prove Theorem 4.1, wc only need to prove the second 
inequality in (4.1). To this end, let / G {Qq{I3-, 7))' with e, (i, 7 as in Definition 2.8 such 
that ||'S'^(/)||_Li(A') < 00. Then by the proof of Lemma 3.1, / G L^{X) in the sense of 
(^'o(^' 7))' and < \\S'^ {f)\\L^{x)- For any x G Af, there exists an ^ G Z such 

that 2~^ < p{x) < 2"^+-*^. We first claim that for any ip G Go{(3, 7) satisfying that 
(p{x) dfx{x) = and ||<^||ge(3; 2-*' /? 7) — ■'■ some A;' > ^ + 1, we have 



(4.4) \{f,^)\<{M{[S;{f)Y){x)} 



1/r 



+ < 



M 



N{e,T) 

E E [^QiAis^iw 

Tdli V=l 



+ 



L 




\f{z)\diJi{z), 



Ix yp{z){z) + V{x, z) \p{z) + d{x, z)^ 

where r G (n/ (n + e), 1). 

Assume that the above claim holds temporarily. Notice that for any function <j) G 



QoiP, 7) with ||<Pll0g(a;,2-fc',/3,7) 

4>{y)dii{y) < 



< 1 for some fc' > ^ + 1, we have 



a 



.V 



-k' 



X V^.y (x) + V{x, y) \ 2-k' + d{x, y) 



dii{y) < 1. 
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Set (p{y) = i+^[^(y) - (TSk'{x, y)] for all y e X. Obviously, j^>p{y)dn{y) = and 
M\gi(x,2-y,p,^) < 1- Then from (4.4), 



K/, <P)\<a\Sk'if)ix)\ + {l + aCe)\{f, ip)\ 



and 



\Sk'{f){x)\ < S^imx) < {M{[s;{f)Y) {x)f' 

for almost all x e X, it follows that (4.4) still holds with |(/, ip)\ replaced by Gp{f) as in 
Definition 2.5. This together with the boundedness on L^/^(X) of the Hardy-Littlewood 
operator M and < \\Sp{f)\\L^x) implies that 



|Gp(/)|Ui(^) <||5;(/)||li(^) + 



N(e,T) 



+ 



1/(^)1 



Ix Jx yp{z){z) + V{x, z) \p{z) + d{x, z) 

< l|.5p+(/)llLiw + WfhHx) < Ws^iDhnx), 



LHX) 
7/(l+fco) 



dfi{z) djiix) 



which establishes the second inequality of (4.1) in Theorem 4.1. 

To prove the claim (4.4), by Lemma 4.2 with the same notation as there, we write 

N(1,t) 



OO N{k,T) 

k=e+i TGik 1^=1 

where denotes the integral operator with kernel D^-ix, y) = Dk{y, x) for all x, y & X. 

Observe that for all A; > k', by using J.^Dk{x, y)dii{y) = 0, (i) and (ii) of in 
Definition 2.3 and the size condition of we obtain that for all y G -Y, 



(4.5) |i^^(^)(y)|<2-('=-'=')^ 



V^.y{x) + V{x,y) \2-k' + d{x,y) ' 



and that for all k < k' , by using ip{y) dn{y) = 0, the size condition and the regularity 
of if, (i) for Dk in Definition 2.3, we have that for all y E X, 



(4.6) 



\Dmiy)\ < 2-('='-^)^' 



V2-,{x)+V{x, y) \2~k + d{x, y)J ' 

where 7' G (0, 7); see the proof of Proposition 5.7 in [27] for some details. 

Moreover, in what follows, set Qr'" = {y e Qr'" : l'^ < p{y)/2} and Q^'" = 
{Qt" \ Qt")- With the subtle split of Qr''' together with the arbitraries of y^"" eQr''', 
we have 



inf \Dkif){y)\< inf |5;(/)(y)|. 
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and 



inf \Dk{f)iy)\ < inf 



^ ye^l ^ L V,-u {v) + V{y,z)\2-^ + d{y, z) ) '^^^'^^ 
This together with (4.5) and (4.6) imphes that 

l7ol < V V V o-lfc'-fcl(/3AV) /^Wr ) i I ^ > \ 

^ khih h V,.,y.,,{x) + y) 1^2-(^'Afc) + d{x, y) ) 

X inf \S;{f){y)\ 



+ V V V 2-\^'-^\^^^^'^ / = I 

fcSti rtt h M' " ^2-(^'A.) (^) + Vix, y) \ 2-(^'Afc) + d{x, y) 



U.-.(y) + ny,.)(2-;d(,,.)J + 



We first estimate 72, 2 by writing 



'2,2 



\f{z)\\ f; 2-i'='-'=i(/^-v) /■ 



X \ ^f^^ Jp{y)<2-k+i F2_(fc'Afc) (2;) + l^(a;, y) 



2-(fc'Afe) + d{x, y) j V^-u{y) + F(y, ^) VS"^ + d{y, z)J ^^^^^/ '^^^^^ 
= / |/(^)|/2,2(x, z)dti{z). 
If we can show that for all a;, z G -Y, 

1 / p{x) V 

(4.7) h,,{x, z) < ^^^^^^^^ ^ ^^^^ (^^^^^ ^ ^^^^ ^ J , 

then by Lemma 2.1 (ii) and (2.2) together with V^(^) + y(a;, z) ~ V^(z)(^) + V^(a;, z) for 
all X, 2 G A", we have 

(4.8, < / ( M^y"-- 

7a- ^p(2)(^) + ^(aJ, z) \p{z) + o?(x, z)y 

which is a desired estimate. 

To see (4.7), notice that by Lemma 2.1 (i), if d{x, y) < p(x), then there exists a positive 
constant C such that {C)-^p{y) < p{x) < Cp{y). Thus if C'2-('='^*^)+i < p{x) and p{y) < 
2"^^+^, then we have d{x, y) > p{x). Prom this, it follows that (2~('='Afc) + d{x, y)) > p{x). 
Therefore, if d{x, z) < 2p{x), then we have 

^'^^ ' ^ - v,^^){x) i v,My) + v{y, z) 
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2-^= y 1 
2-^=+%, z)) "^^^y^-v;^)- 

If d{x, z) > 2p{x) and d{x, y) > d{x, z)/2, similarly, we have 

1 / p(x) sr^ l^'_M^•fl^^,'^ f 1 



hM^, ')^v,^,)ix) \pix) + d{x, z) 



^ 2-\k'-k\(f}Ay) / 



2-k + diy, z] 



7 



< 



1 



A- V^.(k'^k){y) + V{y, z) 
p{x) ^ ^ 



yp{x){x) \p{x) + d{x, z)J 



If c?(x, z) > 2p{x) and z) > d{x, z)/2, then by 2-('='^'=) < 



7, ^(x z) < i ( ^ V V 2-l'='-'=l(^^^') / 



2-(fc'Afe) + (^(2;, y) J 



1 



,7 

\p{x)+d{x,z)J ■ 



Combining these estimates implies (4.7). 

On the other hand, if we choose r G (n/(n + e), 1) such that 1/r > 1 — (/3 A 7'), then 
by Lemma 4.3, we have 



l2i< 2-l*^'-*^l('^^^')2[('='^^)-'=l"(^-^/'') 
k=e+i 



N{k,T) 



mf S;{f){y) 



l/r 



< ^ 2-l*^'-*^l(/3A7')2P'Afe)-'=l"(i-iA)[M([s;(/)]'')(x)] 

A;=£+l 

<[M([5;(/)]0 ix)f\ 



l/r 



Combining the estimates for 1 and I2, 2 yields that 



\l2\<[M{[S^if)Y) {x)]'^' + 



1/(^)1 



X Vp{z)iz) + z) \p{z) + p(x, 2) 



7/(l+feo) 



dp{z). 



To estimate /i, set 



mp^k,uig) = r — / g(z)du(z). 



Then by k' > i, Lemma 4.4 and (4.6), we have 



N{e, r) 



'^''^IX S V2-4x) + V{x,y)\2-i + d{x,y)J "'Q- 



ff^n^A\st{f){y)\) 
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N{£,t) 

"^,5, S V2-^{x) + V{x, y) \2-t + d{x, y) 



X V2-,{y) + V{y, z) \2-^ + d{y, z) 



dii{z) > dfi{y) = + Ii,2- 



By an argument similar to that used in (4.8), we have that (4.8) still holds by replacing 
I2 2 with Ii 2- For Ii 1, similarly to the estimate for /2 1, by Lemma 4.3, we have 



h,i< 



N(e,T) 



1/r 



which together with the obvious inequality 

"^Qi'" (^P (/)) Xq^^^ < m^,,. {S+if)) Xq^.^ 
further implies the desired estimate. Thus, we have 



\h\ 



< 



N{e, t) 

^(E E [^QiAstU)) 



l/r 



+ 



1/(^)1 



X Vp(z)iz) + V{x, z) \p{z) + d{x, z 



p{z) 



7/(l+fc()) 



diJ,{z). 



Combining the estimates for Ii and I2 yields (4.4) and hence, completes the proof of 
Theorem 4.1. □ 

Remark 4.2. Theorem 4.1 still holds with the (ei, €2, e3)-A0TI replaced by the con- 
tinuous (ei, €2, e3)-A0TI. In fact, if {St}t>o is a continuous (ei, €2, e3)-A0TI, letting 
Sk = -S'2-fc for G Z, then {-Sfelfegz is an (ci, 62, e3)-A0TI and, by Theorem 4.1, 

ws^immx) < \\gm)\\lhx) < ii5;(/)ii < \\s;{f)\\mx), 

where S'+(/)(x) = supo<t<p(2,) \St{f){x)\ for all x E X. The above claim is true. 

To prove Theorem 4.2, we need the following estimate. Let Tf and Tt be as in Theorem 
4.2. For X, y e X, set Et{x, y) = Tt{x, y) - Tt{x, y) and 

E;{f){x)^ sup \Et{f){x)\. 

0<t<p(x) 

Lemma 4.4. Under the same assumptions as in Theorem 4-2, then there exists a positive 
constant C such that for all / € L^{X), \\E+{f)\\Li^x) < <^ll/llLi(;t^)- 
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Proof. By Lemmas 2.3 and 2.4, it suffices to prove tfiat for all a, 

(4.9) \\E;iXB'J)\\L^ix) < WxB'JhHxy 

To this end, notice that for all x, y e X with x ^ y,hy (2.1), 

^^^^] ^ V{x, y) < yt+,(,,,)(x) ~ Vt{x) + V{x, y). 

Thus for any x G i?** and y £ since p{y) ~ p(a;Q,) ~ /9(x) via Lemma 2.1 (i), by the 
assumption (ii) of Theorem 4.2, we have 



\Et{x, y)\ < v,(x) + V{x, y) \_t + d{x, y)\ \.t + p{x)\ 



t 



52 



Si 



< 



1 



d{x, y) 



V{x, y) \_t + d{x, y)_ 



Si 



< 



t + pix^)\ -Vix,y) 



d{x, y) 



kA5i 



which implies that 



sup \Et{xB*„f){x)\dii{x) 

B** 0<t<p(x) 

[ [ \dix,yy^^'' 
Jb- Jbx V{x, 



< 



V) 



P{xa) 



\{XB*J){y)\dix{x) dn{y) < ||xb*/||li 



{xy 



For any x ^ i?** and t < p{x), it is easy to see that p{xa) ^ d{x, Xa) ~ d{x, y) for all 
y e Bl, and by (2.2), t < p{x) < [d{x, Xa)]^°/^'^+'"''>[p{xa)Y^^^^'"'\ from which it follows 
that 



\Et{f){x)\ 



< 



1 



Vtix) + V{x, y) 



n52 



t + d{x, y) 



l/(y)MMy) 



< 

~ V{X, Xa) 



p{Xa) 



-I 52/(l+fco) 



d{x, Xc 



\XB*J\\ 



By this, we have 

/ sup \Et{xB*f){x)\dn{x) 

J(B**]'^ 0<t<o(x) 



^ \\XB*f\\L^(X) [ 777 

J{B**)'^ V[X, Xa 



52/(l+feo) 



dp{x) < WxB'fh^ 



which completes the proof of (4.9) and hence, the proof of Lemma 4.4. 



□ 



Now we turn to the proof of Theorem 4.2. 
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Proof of Theorem 4.2. Assume that / G L^{X) and \\T^if)\\Li{x) < c»- Then by Remark 
4-1, II/IIli(A') < Prom this, Remark 4.2 and Lemma 4.4, it follows that 

feHliX) and 

< \\T;{f)\\LHx) + ii/iiliw < \\T;{f)\\LHx) < WT+imL^^y 

Conversely, we need to prove that r+ and r+ are bounded from if^(A') to L^(A'). To 
this end, by Proposition 3.2, it suffices to prove that for all (1, 2)p-atoms a, 

rp+(a)||LiW + l|r+(a)||^i(;,)<l. 

Assume that a is a (1, 2)p-atom supported in B{yo, r) with r < p{yo)- By Theo- 
rem 4.1 and Remark 4.2, we have ||r+(a)||j;^i(;^'-) < 1. By Lemma 4.4, we further obtain 
ll-Sp (a)llLi(A') ^ llallLiCA") ^ 1, which yields \\T+ {a)\\Li^x) ^ 1- This also implies that, to 
show ||r+(a)||ii(;t') < 1, it suffices to prove that || supt>p(.) |Tt(a)(-)| ^ 1- To see 

this, by the Holder inequality and the L^(A')-boundedness of (see Remark 4.1 (i)), we 
have 

/ sup \Tt{a){x)\d^i{x)<\\a\\L2^x)[V2r{yo)]'^^<l. 

JB{yo,2r) t>p{x) 

Since for any x € {B{yo, 4p(yo)) \ B{yQ, 2r)), p{x) ~ piuo) via Lemma 2.1 (i), by as- 
sumption (i) of Theorem 4.2, we have that for all x G {B{yo, 4p(yo)) \ B{yo, 2r)) and 
t > p{x), 



\Tt{a){x)\< [ \Tt{x,y)a{y)\d,,{y)<-^ 



< 



This implies that 



[ sup \Tt{a){x)\dfi{x)<l. 

JB{yo,Myo))\B{yo,2r) t>p{x) 



For any x i B{yo, Mvo)), since (2.2) implies p{x) < [d{x, yo)]''°/^'^+''°^\piyo)V^^^+''°\ by 
assumption (i) of Theorem 4.2, we have that 



p{x) 



d{x, yo)_ 



52A(53 



< 1 

~ V{x, yo) 



pjyo) 

d{x, yo). 



(<52A<53)/(l-hfco) 



which implies that 

/ 



sup \Tt(a){x)\dii{x) 
Mvo))'^ t>p{x) 



< 



I 

JB{yo 



B{yoAp(yo)f yo) 



p(yo) 

d{x, yo). 



-1 (<52A53)/(l+feo) 



dii{x) < 1. 



This shows that || sup^>p(.) |Tt(a)(-)| < 1 and hence, finishes the proof of Theorem 

4.2. ~ □ 
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5 Some applications 

In this section, we present several applications of results in Sections 3 and 4. 



5.1 Schrodinger operators on 

Let n > 3 and M" be the n-dimensional Euclidean space endowed with the Euclidean norm 
I • I and the Lebesgue measure dx. Denote the Laplace operator — X]"=i(gf-)^ on by A 

and the corresponding heat semigroup {e~*^}t>o by {Tt}t>o- By the Gaussian estimates 
for the heat kernel and the Markov property for {Tt}t>o, we know that {r(2}t>o forms a 
continuous (1, A^, iV)-AOTI as in Remark 2.2 (h) for any N > 0. 

Let U he a nonnegative locally integrable function on M", £, = A + U the Schrodinger 
operator and {Tt}t>o = {e~*'^}t>o the corresponding heat semigroup. Define 

Hhi^n ^ {/ G L\W^) : = < oo}, 

where T+{f){x) = sup^^o \Ttif){x)\ for all x G M". 

If q > n/2 and U G Bq{M.'^, | • |, dx), where Bq(W'\ | • |, dx) is the reverse Holder 
class as in Subsection 2.1, then Dziubahski and Zienkiewicz [11] firstly established the 
atomic decomposition characterizations of H^{M."') via the auxiliary function p defined as 
in (2.3). In fact, Dziubahski and Zienkiewicz in [11] proved that H^iW) = with 
equivalent norms. Moreover, in [12], for / € L^(M") with compact support, Dziubahski 
and Zienkiewicz also proved that ~ where is defined as in 

Remark 4.2 with St replaced by Tf2 . 

On the other hand, Proposition 2.1 implies that p defined in (2.3) is admissible, {r^2}t>o 
is a continuous (1, N, A^)p-AOTI for any > 0, {Tt2}t>o and {T(2}(>o satisfy the assump- 
tions (i) and (ii) of Theorem 4.2; see [12]. Thus, by Theorem 4.2, H^Ir"-) = H^{W^) with 
equivalent norms. Moreover, all of the results obtained in Sections 3 and 4 are valid for 
Hj^{W^). In particular, the results established in Section 3 are new compared to the results 
in [11, 12]. 



5.2 Degenerate Schrodinger operators on 

Let n > 3 and be the n-dimensional Euclidean space endowed with the Euclidean norm 
I • I and the Lebesgue measure dx. Recall that a nonnegative locally integrable function w 
is said to be an ^2(1^") weight in the sense of Muckenhoupt if 

w{x)dxj \^Jb\ J f^^^^-^ ^dxj < 00, 

where the supremum is taken over all the balls in M"; see [40] and also [48] for the definition 
of .42 (M") weights and their properties. Observe that if we set w{E) = J^w{x)dx for any 
measurable set E, then there exist positive constants C, Q and k such that for all x G M", 
A > 1 and r > 0, 




C-^X^wiBix, r)) < w{B{x, Xr)) < CX^w{B{x, r)), 
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namely, the measure w{x)dx satisfies (2.1). Thus (M", | ■ |, 'w{x)dx) is an RD-space. 

Let w G ^2 (IK") and {aij}i<ij<n be a real symmetric matrix function satisfying that 
for all X, ^ G M'*, 

l<i,j<n 

Then the degenerate elliptic operator jOq is defined by 



Cofix) = 



w{x) 



Yl 9iiaij{-)djf){x), 



l<i, j<n 



where x G W\ Denote by {Tt}t>o = {e"*^o}t>o the semigroup generated by Co. We also 
denote the kernel of Tf by Tt{x, y) for all x, y £ M" and t > 0. Then it is known that there 
exist positive constants C, C7, C7 and a G (0, 1] such that for alH > and x, y e M", 



(5.1) 



■ exp 



\x - y\ 



< Ttix, y) < 



exp 



that for ah i > and x, y, y' G M" with \y — y'\ < \x — y|/4, 



(5.2) 



\Tt{x, y)-Tt{x, y')\ < 



1 



X 



\y-y 
Vt 



exp 



\x - y\ 



\x - y\ 



and, moreover, that for alH > and x, y G M", 

(5.3) / ftix, z) w{z) dz = l= [ ftiz, y) w{z) dz; 

see, for example. Theorems 2.1, 2.7, 2.3 and 2.4, and Corollary 3.4 of [28]. 

Let ?7 be a nonnegativc locally intcgrablc function on w{x) dx. Define the degenerate 
Schrodinger operator by £ = £0 + Then C generates a semigroup {Tt}t>Q = {e^*'^}t>o 
with kernels {Tt{x, y)}t>o for all x, y e M". By Kato- Trotter's product formula (see [29]), 
< Tt{x, y) < Tt[x, y) for all x, y £ and t > 0. Define the radial maximal operator T"*" 
by r+(/)(x) = supj>o |e-*^(/)(x)| for all x G M". Then T+ is bounded on LP{w{x)dx) 
for p G (1, 00] and from L^{w{x) dx) to weak-L^{w{x) dx). The Hardy space associated 
to C is defined by 

Hc{w{x)dx) = {/ G L^{w{x)dx) : \\f\\Hl{w{x),dx) = \\T^{f)\\L^w{x)dx) < 00}. 

If q > Q/2 and U G Bq{W^, | • |, w{x) dx), letting p be as in (2.3), then Dziubahski [15] 
proved that there exists a positive constant Cy such that for all x, y £ W\ 



(5.4) 

and 

(5.5) 



< Tt{x, y) < 



p{x) 



N 



0<Tt{x, y)-Tt{x, y)<C 



V^M) ip{x) + \x-y\_ 
Vt 



exp 



\x - y\ 



.Vt + pix). 



exp 
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By this, Dziubariski [15] proved that Hj^{w{x) dx) = H],'°°{w{x) dx) with equivalent norms 
via using a different theory of Hardy spaces on spaces of homogeneous type from here. 

On the other hand, by Proposition 2.1, p is an admissible function. From (5.1) through 
(5.3), Remark 2.2 (iii) and the semigroup property, it follows that {Tj2}t>o is a continuous 
(1, AT, iV)p-AOTI for any AT > 0. Observe that (5.4) and (5.5) implies that {T^2}t>o and 
{rj2}f>o satisfy the assumptions of Theorem 4.2. Thus by Theorem 4.2 in Section 4, 
H^{w{x) dx) = Hj^{w{x) dx). Moreover, all of the results in Sections 3 and 4 are valid for 
H^{w{x) dx). In particular, all the results in Section 3 and Theorem 4.1 are new compared 
to the known results in [15]. 



5.3 Sub-Laplace Schrodinger operators on Heisenberg groups 

The (2n + l)-dimensional Heisenberg group M"- is a connected and simply connected Lie 
group with underlying manifold M^" x M and the multiplication 

{x, t){y, s) = ^ + y,t + s + 2 ^[xn+j-yj - xjyn+j] 

The homogeneous norm on is defined by |(x, t)\ = (|x|^ + |t|2)i/4 for ah (x, t) G 
H*^, which induces a left-invariant metric d((x, t), {y, s)) = |(— x, —t){y, s)\. Moreover, 
there exists a positive constant C such that \B{{x, t), r)\ = Cr^ ., where Q = (2n + 2) is 
the homogeneous dimension of H" and \B{{x^ t), r)\ is the Lebesgue measure of the ball 
B{{x, t), r). The triplet (H", d, dx) is an RD-space. 

A basis for the Lie algebra of Left-invariant vector fields on H" is given by 

_ d _ d d _ d d _ 



All non-trivial commutators are [Xj, Xn+j] = 4X2n+i, j = 1, • • • , n. The sub-Laplacian 

3 = 1 



has the form Ah" = — Y^jLi ^j- See [19, 48] for the theory of the Hardy spaces associated 



to the sub-Laplacian Aj 

Let U he a nonnegative locally integrable function on H". Define the sub-Laplacian 
Schrodinger operator hy C = Ae" -|- U. Denote by {Tt}j>o = {e~*'^}t>o the semigroup 
generated by C. Define the Hardy space associated to C by 

i/^(H") = {/ G L^H") : = r+(/)||Li(H") < oo}. 

If g > Q/2 and [/ G Bg{W), then C. Lin, H. Liu and Y. Liu [34] proved that iJ^(H") = 
Hp''^(M"') with equivalent norms for all q G (1, oo], where p is as in (2.3). 

On the other hand. Proposition 2.1 implies that p is an admissible function. It is easy 
to check that {ft2}t>o = {e~*^^""}t>o is a continuous (1, N, N)p-AOTl for any N; see, for 
example, [19]. C. Lin, H. Liu and Y. Liu [34] proved that {T^2}t>o and {Tf2}t>o satisfy the 
assumptions of Theorem 4.2. Thus applying Theorem 4.2, we obtain Hj^(W^) = Hp{W^) 
with equivalent norms. Moreover, all the results in Sections 3 and 4 are valid for Hj,(W^). 
In this case, comparing to the results obtained in [34], Theorem 3.1, Theorem 3.2 (ii). 
Proposition 3.3 and Theorem 4.1 are new. 
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5.4 Sub-Laplace Schrodinger operators on connected and simply con- 
nected nilpotent Lie groups 

Let <G be a connected and simply connected nilpotent Lie group. Let X = {Xi, ■ ■ ■ , X^} 
be left invariant vector fields on G satisfying the Hormander condition, namely, X together 
with their commutators of order < m generates the tangent space of G at each point of 
G. Let d be the Carnot-Caratheodory (control) distance on G associated to X. Fix a left 
invariant Haar measure /x on G. Then for all x e G, Vr{x) = Vr{e), and moreover, there 
exist < K < I? < oo such that for all x G G, C~^r'^ < V^(a;) < Cr'^ when < r < 1, and 
C^V^ < Vr{x) < Cr^ when r > 1; see [43], [53] and [54] for the details. Thus (G, d, n) 
is an RD-space. 

The sub-Laplacian is given by Ag = - Yl'j=i ^j- Denote by {ft}t>o = {e~*^'^}t>o the 
semigroup generated by Ac. Then there exist positive constants C, Cs and Cs such that 
for alH > and x, y e G, 

(5.6) C X exp <^ ) < Tt{x, y) < C ^ exp <^ -- 



that for alH > and y, y' & X with d{y, y') < d{x, y)/^, 

(5.7, ,f,(..,,-f,(..,,,,C^?<^^e.p{-M£_|IP}. 

and moreover, that for all t > and y G G, 

(5.8) / ft{x, z) dii{z) = 1 = / ft{z, y) dii{z)- 

Jg jg 

see, for example, [53] and [54] for the details. ^ ^ 

Define the radial maximal operator T"*" by T^{f){x) = sup^^Q \Tt{f){x)\ for all x £ G. 
Then f + is bounded on LP{G) for p G (1, oo] and from L^{G) to weak-Li(G). The Hardy 
space associated to A^ is defined by 

H\G) = {fe L'{G) : ||/||^i(<B) = ||f +(/)||^i(G) < oo} ; 

see, for example, [44, 45, 46, 27] for the theory of Hardy spaces associated with the sub- 
Laplace operator Aq. 

Let U he a nonnegative locally integrable function on G. Then the sub-Laplace 

Schrodinger operator is defined by £ = Aq + U. The operator C generates a semigroup 
{Tt}t>o = {e~*'^}t>0) whose kernels are denoted by {Tt{x, y)}t>o for all x, y & G. By 
Kato-Trotter's product formula (see [29]), < Tt{x, y) < ft{x, y) for all t > and 
X, y G G. Define the radial max;imal operator r+ by r+(/)(a;) = sup^^g 
all X G G. Then T+ is bounded on LP(G) for p G (1, oo] and from L^(G) to weak-Li(G). 
The Hardy space associated to C is defined by 



Hl{G) ^ {/ G L\G) : WfWHliG) ^ \\T^{f)\W{G) < oo}. 
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Let q > D/2, U e Bq{G, d, ji) and p{x) for all x G G be as in (2.3). Then Li [33] 
established some basic results concerning which include estimates for fundamental 
solutions of C and the boundedness on Lcbesgue spaces of some operators associated to C. 
To apply the results obtained in Sections 3 and 4 to £, we need the following estimates. 

Proposition 5.1. Let q > D/2 and U G Bq{G, d, fi). Then for each N & N, there exists 
a positive constant C such that for all f € L^(G) and x € G, 

(5.9) |[p(x)]-2^/:-^/(x)| < CM^(/)(x), 

where M denotes the Hardy-Littlewood maximal operator on G and = M o ■ ■ ■ o M . 

Proof. Let Go be the kernel of C~^. For any fixed A?^ > 0, by Theorem 3.6 of [33], there 
exists a positive constant C such that for all a;, y G G, 



(5.10) 



< Go(x, y) < C 



[d{x, y)]^ 



[l + d(x, y)Mx)]^F(x, y)- 



By this, for all a; G G, we have 

Mx)]-^c-'f{x)\ 

G'o(x, y)\f{y)\dix{y) 

[d{x, y)/p{x)f 



< 



1 



G V{x, y) [1 + d{x, y)/p{x)]^ 

3 

j=l j=-oo 



\f{y)\dp{y) 
1 



^2J+VW(^) Jd{x,y)<2j+ip{x) 

where N > 2. Since (2.2) and Lemma 2.1 imply that 



\f{y)\dl^{y)<Mif)ix), 



1 > 1 



1 + 



djx, y ) 
p{x) 



-1 -fco/(l+fco) 



p{y) ~ p{x) 
thus, by (5.10), we have 

\[p{x)]-^C-^f{x)\ < [p(x)]-4 / Goix, y)\C-'fiy)\dp{y) 

JG 



Lv{x, 



[d{x, y)/p(.T)]^ 



-|M(/)(y)|d/x(2/)<M2(/)(x) 



y) [l + d{x, y)Mx))]^' 
Repeating the above arguments then completes the proof of Proposition 5.1. 



□ 



Proposition 5.2. If q > D/2 and U G Bq{G, d, p), then for any N > 0, there exist 
positive constants C and C'g such that for all t > and x, y & G, 



< Tt{x, y)<C 



p{x) 



p{x) + d{x, y) 



exp 



[d{x, y)f 

at 
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Proof. By (5.6) and < Tt{x, y) < Tt{x, y) for alH > and x, y eG, we have 



(5.11) 



< Ttix, y) < Ttix, y) < —— 



exp 



C^t 



To prove Proposition 5.2, it suffices to prove that for t > C[/9(x)]^, 

N 

(5.12) 



p{x) 



In fact, if this holds, then for t > C[p{x)\^, 



1 



p{x) 

Vt 



< 



1 



p{x) 



N 



+ d{x, y) 



which together with (5.11) via the geometric mean yields the desired conclusion. For 
t < C\p{xy\^ , since the function f{t) = rf^ is increasing in t, by (5.11), we have 



Ttix, y) 



< 



p{x) 



p{x) + d{x, y) 



exp 



{x, y)f 
Ct 



To prove (5.12), observe that £, is self-adjoint. For any / G i^(G), by the well-known 
spectral theorem, we have 



(5.13) 



SetTf)(x, y)^d^T,{x, y) 



d^Tt{f)hHG) = t-^||(«/:)^e-*^/|U.(G) < C(iV)r^||/|U.( 
for all x, y G (G. Notice that 



s=t 



T^^\x, y)=d^Ts(x, y) 



= d^Tt+s{x, y) = dsTs(Tt{x, ■)){y) 

s=2t s=t 



s=t 



= (5f r,[ J (Ttix, .))iy) = (af r,)(T,(x, •))(y), 



which together with (5.13) and (5.11) implies that 



< 



[djx, y)]- 
ct 



j dp{y)^ 



1/2 



f ^ 1/2 

oo 



< 



/2 



^2^'^/2exp{-2^} 

j=0 



^ < 



1 1 



This together with the Holder inequality, (5.13) and (5.11) again further yields that 

1 1 



T^Pi^, y)\ < iirf ^(^, -nLHGmix, oiiL^rG) < 
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Thus, by Proposition 5.1, we have 

Tt{x, y) = [p{x)r\[p{x)r^''C-''C^{T,{x, ■)){y)\ 



[p{x)Y- )(T,(x, •))(y) 

[p{x)rM^ (af )t,(x, .)) (y) 



< 



n2N 



which imphes (5.12) and hence, completes the proof of Proposition 5.2. 

For t > 0, set Et = Tt — Tt. Denote also by Et the kernel of Et. Then for all x, y e 



□ 



(5.14) 



Et{x, y) = Tt{x, y) - Tt{x, y) 



Ts{x, z)U{z)Tt-s{z, y)dpi{z)ds- 



JG 



see, for example, [15]. To estimate Et, we need the following estimate. 

Lemma 5.1. If q> D/2 and U G Bq{G, d, p), then for any positive constants C and C , 
there exists a positive constant C such that for all x E G and t > with s/i < Cp{x), 



■ exp 



[d{x, z)Y 
C't 



dn{z) < C- 



p{x) 



Proof. We first recall that Li in [33, Lemma 2.8] proved that there exists a positive constant 
I such that for all x G G and R > p{x) , 



/ U{z)dp^{z)< 
Jb 



R^ 

Vr{x) Jb{x,R) 



R 

p{x) 



which is also easy to be deduced from (2.5) and (2.6). By this, (2.4) and (2.6), letting 
jo G N such that 2^o-i < Cp{x)/Vt < 2^o, we then have 



f u{z) r [d{x, z)f \ 



< 



< 



oo ^ 

TT^' 



U{z) dp{z) 



30 ^ 

^ 2^* 



-2^ 



V2H 

p{x) 



2-D/g 



oo ^ 

^ 2^^ 



i=jo+i 



2^ 


V2H 


t 






p{x) 


^ t 





2-D/q 



which completes the proof of Lemma 5.1. 



□ 



Proposition 5.3. If q > D/2 and U G Bq{G, d, p), then for each N > 0, there exist 
positive constants C and Cg such that for all t > and x, y E G, 

-.2-D/q 



(5.15) 



< Etix, y)<C 



Vt 
Vi + p{a 



1 



exp 



{x, y)Y 
Cgt 
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Proof. By (5.11), we have 



exp 



[djx, yW 
Ct 



Thus, if Vt > Cp{x), then (5.15) follows from this estimate, li Vi > Cp{y) and \/t < 
Cp{x), then by (2.2) and Lemma 2.1 (ii), we obtain 



Vi ^ Vi 



p{y) ^ p{x) L p{x) 



p{x) + d{x, y) 



< 



Vi 



Vi + d{x, y) 



which implies that 



Etix, y) 



Vi_ 

p{x) 



2-D/q 



p{x) [ Vi 

[d{x, y)? 
ct 



ko 



exp < - 



If t < C[p{x) A p{y)], then set Wi = {z e G : d{z, x) > d{x, y)/2} and = G \ Wi. By 
(5.14) and (5.11), we have 



^.(.,.)< /"7 ./'7 ./7 77 

I Jo JWi Jo JW2 Jt/2JWi Jt/2JW2\ 



\ 1 



X exp 



x,z)f\ U{z) 



= Zi -\- Z2 + + z^^. 



exp 



[d{z, y)? 
C{t - s) 



dp,{z) ds 



Notice that if < s < t/2, then t — s ^ t. Then, by Lemma 5.1, we obtain 



1 



< 



< 



exp 



exp 



[d{x,y)]^\ f'/^ f U{z) 



Ct 



JWi 



■ exp 



[d{x, z)f 
Cs 



dp{z) ds 



[d{x,y)f\ f'/^l 



v^y) I ct 
A^)\ vA 



f 

Jo 



p{x) 



2-D/q 



ds 



X 



exp 



[djx, y)]' 
Ct 



If < s < t/2 and z G W2, then i ~ t — s and d{y, z) > d{x, y) — d{x, z) > d{x, y)/2, 
which together with Lemma 5.1 imply that 



Z2 < 



1 



exp 



[d{x,y)]^\ f U{z) r [d{x,z)] 



< 



vviiy) I ct 



X 



exp 



JW2 vA^) 

[d{x, y)]^ 
Ct 



exp 



Cs 



dp{z) ds 



The estimates for Z3 and Z4 are similar and we omit the details, which completes the 
proof of Proposition 5.3. □ 
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By Proposition 2.1, p as in (2.3) is an admissible function. From (5.6), (5.7), (5.8) 

and Remark 2.2 (iii) together with the semigroup property of {Tt}t>o, it foUows that, for 
any > 0, {Tj2}t>o is a (1, N, A^)-AOTI. Moreover, Propositions 5.2 and 5.3 imply that 
the assumptions (i) and (ii) of Theorem 4.2 hold for {Tj2}f>o and {Tj2}t>o. Applying the 
results obtained in Sections 3 and 4 directly to C, we have the following conclusions. 

Theorem 5.1. Let q > D/2 and U G Bq{G, d, //). If f £ H'^iG), then f G L^{G) 
and Kp{f) — / G H^{G); moreover, there exists a positive constant C such that for all 
f G Hl{G), \\K,{f) - /ll^i(G) < 

Theorem 5.2. If q > D/2 and U G Bq{G, d, fx), then the following are equivalent: 

(i) f G HiiG); 

(ii) f, T^if) G L^{G), where r+ is defined as in Remark 4-^ with St replaced by Tt2; 

(iii) feHliG); 

(iv) there exists r G (1, oo] such that f G Hp'^{G); 

(v) there exist e G (0, 1) and 7 G (0, e) such that f G {Q^iP, 7))' and T+{f) G L^{G), 
where T+ is defined as in Remark 4. 2 with St replaced by Tj2. 

Moreover, if r & (1, 00], then for all f G L^{G), 

ii/iiffi(G) ~ r;(/)iiLi(G) ~ rp+(/)iiLi(G) ~ iiGp(/)iki(G) ~ 

Theorem 5.3. Let q > D/2 and U G Bq(G, d, /x). If r & (1, 00], then \\ ■ Hiji,'- /{j>, and 

II ■ IIh^(g) ^'"^ equivalent on Hp' fi^^iG). 

Moreover, applying Proposition 3.2 to the Riesz transforms VC~^, we have the following 
conclusion. 

Theorem 5.4. If q £ {D/2, D) and U G Bq{G, d, //), then Riesz transforms VC^^^"^ are 
bounded from H^ (G) to L^ (G) . 

Proof. It has been proved in [33, Theorem C] that V>C~^/^ is bounded on LP'^{G) for any 
Pi € (1, p), where 1/p = 1/q — l/D. By Proposition 3.2, it suffices to prove that for all 
(1, 2)p-atoms ||V/:-i/2(a)|Ui(G) < 1. 

Let K and K be the integral kernels of V£~^/^ and VAj^^'^^, respectively. Let 1/pi + 
l/p'i = 1. Then Li [33] proved that for all / G L^^^ (G) and x G G, 

(5.16) / \K{y, x)\\f{y)\d^{y) < [M(|/|Pi)(x)] 

Jd{x,y)>p{x) 

(see Lemma 6.1, Corollary 6.2 and their proofs therein), and that 

(5.17) / \Kiy, x) - K{y, x)\\f{y)\dfi{y) < [M(|/|Pi)(x)]iM 

Jd{x,y)<p{x) 

(sec Lemma 6.4 and its proofs therein). Let C be a positive constant such that 1/2 < 
C3C-V(i+*^o)(i + i/c)feo/(i+feo) < 1. If (i{x, y) > Cp{x), then by (2.2), we have 

(5.18) p{y) < C3C-^/(^+'=°)(l + l/C)'=°/(^+'=°)d(x, y) < d{x, y). 
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Let 77 be as in (2.8) and for all x EG, set 

'd{x, y) 



Aiif){x) = f Kix, y) 

JG 



1 — J] 



f{y)dn{y), 



Cp{x) 

A2{f){x) ^ JjK{x, y) - K{x, y)]rj (^^) fiv) df^{y), 

and 

As{f){x) ^ T{f) - A,{f){x) - A2{f){x) ^ ^ K{x, y)rj (^^) fiv) dn{y). 
Then by (5.18), 

l^i(/)(^)l < / \K{x, y)\\f{y)\ dfi{y) < [ \K{x, y)\\f{y)\ d,i{y), 

Jd{x,y)>Cp{x) Jd{x,y)>p{y) 

which together with the duality, (5.16) and the boundcdncss of the Hardy-Littlewood max- 
imal operator M implies that ||^i(/)||lpi(g) ^ for any pi G (1, p). Moreover, 
for all (1, 2)p-atoms a, by (5.16), 

\\Ai{a)\\Li^x) ^ / \a{y)\ / \K{x, y)\dn{x)dn{y) <\\a\\L^G) <1, 

JG Jd{x,y)>p[y) 

which together with Proposition 3.2 implies that Ai is bounded from H^{G) to L^(G). 
Similarly, we have 



|^2(/)(^)| < / \K{x, y)-K{x, y)\\f{y)\dfx{y) 

+ / \Kix,y)\\f{y)\dii{y) 

J o(v)<d(x.v)<2Co(x] 



d{x,y)<p{y) 

f 

p{y)<d{x,y)<2Cp{x) 

+ [ T77^M{y)\dn{y)- 

Jn(v)<d(x.v)<2Co(x) ^[X, y 



lp{y)<d(x,y)<2Cp{x) V{x, y) 

By duality, the boundedness of M and p{x) ~ p{y) when d{x, y) < p{x), we have 
\\A2{f)\\LPi{G) ^ II/IIlpi(A') for any pi G (1, p). Moreover, for ah (1, 2)p-atoms a, by 
Lemma 2.1 (i), (5.15) and (5.17), we have 

\\Ma)\\LHx)^ I \a{y)\ / \K{x,y)-k{x,y)\dfi{x)dfi{y) 

JG Jd{x,y)<p{y) 

+ / |a(y)l / \K{x,y)\dn{x)dii{y) 

JG Jp{y)<d{x,y)<2Cp{x) 

+ I Hy)\ I ^ dn{x) dp{y) < ||a|| < 1, 

JG Jp{y)<d{x,y)<2Cp{x) V{X,y) 

which together with Proposition 3.2 implies that A2 is bounded from H^{G) to L^{G). 
Here we used the fact that K satisfies (Kl); see [32, 1]. 
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Obviously, for any e {1, p), A3 is bounded on LP^{X). Moreover, for any / G 
and X ^ supp /, 

As{f){x) = I^K{x, y)r, (|^) fiy)dfi{y). 

Since K satisfies the conditions (Kl) and (K2) (see [32, 1] again), by Proposition 3.3, A3 
is also bounded from Hp{G) to L^{G). Thus, by Theorem 5.2, V>C~^/^ are bounded from 
H^{G) to L^{G), which completes the proof of Theorem 5.4. □ 
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